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1. Introduction

The theory of convex optimization, as a subject, is developed to the discovery of problem
arising in applied mathematics for which optimization algorithms or iterative methods are the
effective tools. As a result, powerful optimization tools found valuable applications in core
areas of applied mathematics as well as in automatic control systems, medicine, economics,
signal processing, management, communications and networks, industry, combinatorial opti-
mization, global optimization and other branches of sciences. Since convex optimization has
a long historical roots, however, several recent developments in the subject not only stimu-
lated the interest of researchers but also serve as an interdisciplinary bridge between various
branches of sciences as mentioned above. It is therefore natural to recognize and formulate
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various real world and theoretical problems in the general framework of convex optimization to
be solved numerically. Iterative methods are ubiquitous in the theory of convex optimization
and still new iterative and theoretical techniques have been proposed and analyzed for convex
optimization problems. Such an algorithm or iterative method is designed for the selection of
the best out of many possible decisions in a real-life environment, constructing computational
methods to find optimal solutions, exploring the theoretical properties and studying the compu-
tational performance of numerical algorithms implemented based on computational methods.
Monotone operator theory is a fascinating field of research in nonlinear functional analysis.
This class of operators attracts the research community primarily due to the importance of
these operators in modelling problems in the field of convex optimization, subgradients, partial
differential equations, variational inequalities and image processing, evolution equations and
inclusions, see for instance, [12,26,30] and the references cited therein. Many problems in the
theory of convex optimization concern with the approximation of zeroes of a maximal mono-
tone operator defined on a Hilbert space. On the other hand, the problem of finding zeroes of
the sum of two (maximal -) monotone operators is of fundamental importance in structured
convex optimization, variational analysis, machine learning, signal processing and image anal-
ysis [22,28]. Since the structured convex optimization problems are complex in nature and
require sophisticated tools for the consequent analysis. Therefore, operator splitting technique
is the most efficient tool to solve the structured convex optimization problem comprises of
smooth and non-smooth functions. Moreover, operator splitting technique provides parallel
computing architectures and thus reducing the complexity by splitting the original problem into
simpler problems. The forward-backward (FB) algorithm is prominent among various splitting
algorithms to find a zero of the sum of two maximal monotone operators [22]. Note that the
FB algorithm efficiently tackle the situation for smooth and/or non-smooth functions. We
remark that the several general splitting algorithms are available in the literature with specific
limitations. However, new splitting algorithms are formulated in such a way to unify and/or
combine the existing splitting algorithms with enhanced intrinsic properties. We, therefore,
propose and analyze a splitting method comprises of forward-backward-forward (FBF) iterates
in Hilbert spaces. In 1964, Polyak [29] employed the inertial extrapolation technique, based
on the heavy ball methods of the two-order time dynamical system, to equip the iterative al-
gorithm with fast convergence characteristic. It is remarked that the inertial term is computed
by the difference of the two preceding iterations. The inertial extrapolation technique was
originally proposed for minimizing differentiable convex functions, but it has been generalized
in different ways. The heavy ball method has been incorporated in various iterative algo-
rithms to obtain the fast convergence characteristic, see, for example [1] and the references
cited therein. One of the main motivations for this paper is to equip the FBF algorithm with
the inertial extrapolation technique for fast convergence results in Hilbert spaces. In order to
ensure the strong convergence characteristics of the proposed algorithm, the shrinking effect
of the half space is also employed in this framework. The theory of equilibrium problems is
a systematic approach to study a diverse range of problems arising in the field of physics,
optimization, variational inequalities, transportation, economics, network and noncooperative
games, see, for example [13,21] and the references cited therein. The existence result of an
equilibrium problem can be found in the seminal work of Blum and Oettli [13]. Moreover,
this theory has a computational flavor and flourishes significantly due to an excellent paper of
Combettes and Hirstoaga [20]. The classical equilibrium problem theory has been generalized
in several interesting ways to solve real world problems. In 2012, Censor et al. [18] proposed
a theory regarding split variational inequality problem (SVIP) which aims to solve a pair of
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variational inequality problem in such a way that the solution of a variational inequality prob-
lem, under a given bounded linear operator, solves another variational inequality.

Motivated by the work of Censor et al. [18], Moudafi [27] generalized the concept of SVIP to
that of split monotone variational inclusions (SMVIP) which includes, as a special case, split
variational inequality problem, split common fixed point problem, split zeroes problem, split
equilibrium problem and split feasibility problem. These problems have already been stud-
ied and successfully employed as a model in intensity-modulated radiation therapy treatment
planning, see [16,17]. This formalism is also at the core of modeling of many inverse problems
arising for phase retrieval and other real-world problems; for instance, in sensor networks in
computerized tomography and data compression; see, for example, [19]. Some methods have
been proposed and analyzed to solve split equilibrium problem and mixed split equilibrium
problem in Hilbert spaces, see, for example, [2-11] and the references cited therein. Inspired
and motivated by the above mentioned results and the ongoing research in this direction,
we aim to employ a hybrid splitting method, comprises of forward-backward-forward iterates,
shrinking projection iterates and Nesterov's acceleration method, to solve the monotone in-
clusion problem associated with maximal monotone operators and split equilibrium problem in
Hilbert spaces. The proposed iterative method exhibits accelerated strong convergence char-
acteristics under suitable set of control conditions in such framework. Finally, we explore some
useful applications of the proposed iterative method via numerical simulation. The rest of the
paper is organized as follows: Section 2 contains preliminary concepts and results regarding
monotone operator theory and equilibrium problem theory. Section 3 comprises of strong
convergence results of the proposed algorithm. Section 4 deals with applications of (FBF)
method in minimization problem, split feasibility problem, monotone variational inequality
problem and Image processing. Section 5 deals with the efficiency of the proposed algorithm
and its comparison with the existing algorithm by numerical experiments.

2. Preliminaries

Throughout this section, we first fix some necessary notions and concepts which will be
required in the sequel(see [12] for a detailed account). We denote by N the set of all natural
numbers and R the set of all real numbers, respectively. Let C C H; and Q C H, be two
non-empty subsets of real Hilbert spaces H; and Hy with the inner product (- ,-) and the
associated norm ||-||. Let x, — x (resp. x, — x) indicates strong convergence (resp. weak
convergence) of a sequence {x,}5°; in C. Let A: H; — 271 be an operator. We denote
dom (A) = {x € H1 : Ax # 0} the domain of A, Gr(A) = {(x,u) € H1 X H1 : u € Ax} the
graph of A and zer (A) = {x € H1 : 0 € Ax} the set of zeros of A. The inverse of A, that
is, A7! is defined as (u,x) € Gr(A~1) if and only if (x,u) € Gr(A) and the resolvent of
A is denoted as Jy = (I+A)71. It is remarked that Jay : H1 — H; is single valued and
maximal monotone operator provided that A is maximal monotone. Recall that A is said
to be: (i) monotone if (x —y,u—v) > 0 for all (x,u),(y,v) € Gr(A); (ii) maximally
monotone if A is monotone and there exists no monotone operatort B : H; — 2*1 such that
Gr(B) properly contains the Gr(A); (iii) strongly monotone with modulus o > 0 such that
(x —y,u—v)>alx—yl|?forall (x,u),(y, v) € Gr(A) and (iv) inverse strongly monotone
(cocoercive) with parameter 3 such that (x — y, Ax — Ay) > B || Ax — Ay||°.

Let f : H1 — RU{+o0} be a proper, convex and lower semicontinuous function and let
g : Hi1 — R be a convex, differentiable and Lipschitz continuous gradient function, then the
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convex minimization problem for f and g is defined as:

min {f () +&(x)}. (21)

The subdifferential of a function f is defined and denoted as:
Of (x)={x"eH1:f(y) >F(x)+ (x",y —x) forall x € H;}.

It is remarked that the subdifferential of a proper convex lower semicontinuous function is
a maximally monotone operator. The proximity operator of a function f is defined as:

1
prox; : Hy — Hi : x = argmin <f )+ =llx— }’2> .
yEH1 2

Note that the proximity operator is linked with the subdifferential operator such that argmin

(f) = zer (Of). Moreover, proxs = Jar. Utilizing the said connection, we state monotone

inclusion problem with respect to a maximally monotone operator A and an arbitrary operator
B is to find:

x* € C such that 0 € Ax* + Bx™. (2.2)

The solution set of the problem (2.1) is denoted as zer (A+ B).
We now define the concept of (mixed) split equilibrium problem.

Let h: Hi; — Ho be a bounded linear operator. Let F: Cx C —-Rand G: Q@ x @ - R
be two bifunctions, ¢¢ : C — H;1 and ¢, : Q — Ho be two nonlinear operators. Recall that
a split equilibrium problem (SEP) is to find:

x* € C such that F(x*,x) >0 forall x € C, (2.3)

and
y*=hx" € Q suchthat G(y*,y)>0forally € Q. (2.4)

The solution set of the split equilibrium problem (2.2) and (2.3) is denoted by
SEP(F):={x* € C:x* € EP(F) and hx* € EP(G)}. (2.5)

Let C be a nonempty closed convex subset of a Hilbert space H;. Let C be a nonempty
closed convex subset of a Hilbert space H;. For each x € H;, there exists a unique nearest
point of C, denoted by Pcx, such that

[Ix = Pex|| < [x = y|| forally e C.

Such a mapping Pc : H1 — C is known as a metric projection or a nearest point projection of

‘H1 onto C. Moreover, P satisfies nonexpansiveness in a Hilbert space and (x — Pcx, Pcx — y) >

0 for all x,y € C. It is remarked that P¢ is firmly nonexpansive mapping from #; onto C,
that is,
|Pex — Pey||? < (x —y, Pex — Pey ), forall x,y € C.

Moreover, for any x € Hy and z € C, we have z = Pcx if and only if (x —z,z—y ) > 0 for
every y € C. The following lemma collects some well-known results in the context of a real
Hilbert space.

The following lemma collects some well-known results in the context of a real Hilbert space.
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Lemma 2.1. [12] The following properties hold in a real Hilbert space H;:

L x = yllP = IxI? = lIylI* = 2(x = y,y) , for all x,y € Hx;
2. Ix +ylI® < |IxII? +2{y, x + y), for all x,y € Hx;

3. JJax+ (1 —a)y|l® = a|x|>+ (1 —a)|lyl|* — a(l — a)||x — y||?, for every x,y € H; and
we[0,1].

Lemma 2.2. [14] Let T be an nonexpansive mapping with F(T) # () defined it as for a

closed nonempty convex subset C of a real Hilbert space Hi. we assume that {u,} is a

sequence in C such that u, — u and (I — T)u, — v, then (I — T)u = v. In particular, if
v=0, thenu € F(T).

Asumption 2.3. Let C be a nonempty closed and convex subset of a Hilbert space H,. Let
F : C x C — R be a bifunction and lower semicontinuous satisfying the following conditions:
(A1) F(x,x) =0 forall x € C,
(A2) F is monotone, i.e., F(x,y)+ F(y,x) <0 forall x,y € C;
(A3) foreach x,y,z € C, limsup,_o F(tz+ (1 — t)x,y) < F(x,y);
(A4) foreach x € C, y — F(x,y) is convex and lower semi-continuous.

Lemma 2.4. [24] Let C be a closed convex subset of a real Hilbert space Hi and let
F : C x C — R be a bifunction satisfying conditions (A1)-(A4) of Assumption 2.3. For r > 0
and x € H;, there exists z € C such that

1
F(Z,}/)-F;(y—z,z—x}zo, for all y € C.

Moreover, define a mapping TF : H; — C by
1
TF(x) = {ze C:F(z,y)—&—?(y—z,z—x) >0, forallye C},

for all x € H1. Then, the following results hold:
(1) foreach x € Hy, T] #0;
(2) TF is single-valued;
(3) TF is firmly nonexpansive, i.e.,

Thx = TFy|| <(TFx - TFy.x—y): -

for every x,y € H;,
(4) F(TF) = SEP(F);
(5) SEP(F) is closed and convex.
It is remarked that if G : Q@ x @ — R is a bifunction satisfying conditions (Al)-(A4), wher
Q is a nonempty closed and convex subset of a Hilbert space H,. Then for each s > 0 and
w € Hy we can define a mapping:

TSG(W)_{dGC:G(d,e)Jri(ed,dW>20, fora//eGQ},

which is, nonempty, single-valued and firmly nonexpansive. Then the following results hold:
1) foreachw € Ha, TS #0;

TS is single-valued;

TS is firmly nonexpansive;

F(TE) = SEP(G);

(
(
(
(
( SEP(G) is closed and convex.

— — — —

2
3
4
5
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Lemma 2.5. [31] Let E be a Banach space satisfying Opial’s condition and let {x,} be a
sequence in E. Let |, m € E be such that lim,_, ||x, — I|| and lim,_,« ||xn — m|| exist. If
{Xn } and {xm,} are subsequences of {x,} which converge weakly to | and m, respectively,
then | = m.

Lemma 2.6. [23] Let A: E — E be an y-inverse strongly accretive of order r and B : E — 2F
an n-accretive operator,where E be a Banach space. Then the following inequalities holds:
a) Forc>0, F(TAB) = (A+ B)~1(0).
b) For0<d<c and ucE,|u— T/Bul| <2|lu— TAE|.

Lemma 2.7. [25] Let C be a closed nonempty and convex subset of a real Hilbert space H.
For every r,s € H1 and v € R the set
D={uc C:|s—ul><|r—ul|?+(z u)+~} is convex and closed.

Lemma 2.8. Let Pz : H — C be the metric projection from H onto C. Then the following

inequality satisfied:
2

1

lv = Peull® + [lu = Peul® < fJlu—v

for all u € H and for all v € C and C be a closed nonempty and convex subset of a real
Hilbert space H.

3. Main results

In this section, we prove some strong convergence theorems of an inertial method with a
forward-backward-forward splitting algorithm for solving the split equilibrium problem together
with the monotone inclusion problem in the framework of Hilbert spaces. Now, We prove the
following strong convergence Theorem.

Theorem 3.1. Let H; and H, be two real Hilbert spaces. Let F : R xR — R and G :
R xR — R be two bifunctions satisfying Assumption 2.3 such that G is upper semicontinuous.
Let h: Hi — Ho be a bounded linear operator; let A : H1 — 2™ be a maximally monotone
operator and let B : Hy — Hi be a monotone and p-Lipschitz operator for some p > 0.
Assume that T = (A+ B)"}(0) N Q # 0, where Q := {x* € C: x* € EP(F) and hx* €
EP(G)}, {un} C (O, %) {7} € [0,9], v € [0,3), {ra} C (0,00), with o € (0, 1) such that
L is the spectral radius of h*h and {a,}, {Bn} are sequences in [0, 1]. For given xo, x1 € Hi
let the iterative sequence {x,},{m,},{un},{vn} and {w,} be generated by

mp = Xp + ’Yn(Xn - anl)r'
Up = Bam, + (1 — BH)T,f(/ —ah*(l - T,f)h)m,,;
Vo = Sl = 110 B)
Wy = Vp — pn(Bv, — Buy);
Cor1 ={0 € Gy : [[wy = T|1> < [0 = TI* = 29 (X0 = Uy Xo—1 = Xa) + V2 lIXn—1 — xal*};
Xn+1 = Pc,(x0).
(3.1)
Assume that the following conditions hold:

CL 322y VnllXn = xna || < oo

C2 0 < liminf,o0 Bn < limsup,_, o, Bn < 1;
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C3 liminf,soo 1y, > 0;

C4 0 <liminf, o0 ttn < limsup,_, o tin < %
Then the sequence {x,} generated by (3.1) strongly convergence to a point U = Prxy.

Proof. We solve this theorem by dividing it into six steps.

Step 1. Show that Pc,,, x; is well-defined for every x € Hi. We know that (A+ B)~1(0) and
Q are closed and convex by Lemma 2.4 and 2.6, respectively. From the definition of C,,; and
from Lemma 2.9 C,,1 is closed and convex for each n > 1. For each n € N and let 7 € T.
Since we write T, = T/ (I — ah*(I — TF)h). Note that T, is a quasi-nonexpansive mapping
and J,, 4 is nonexpansive. For simplicity of the algorithm, we write w,, = B,v, + (1 —,) Tov,
and for every n € N. We have

Hmn_/‘jH2 = X0 = U= Yn(Xn-1 _Xn)H2
= |xn— a”2 + '7:21“an1 - XnHz = 29n{Xn — U, Xp—1 — Xn). (3.2)
Further,
||“n_ﬁ||2 = ||a,,m,,+(l—a,,)T,,m,,—ﬁ||2
= ||Oz,,(m,,—ﬁ)—&-(l—an)(mn—ﬁ)w
= |lm, —3?
= ||Xn - ﬁH2 + '7:%||Xn—1 - Xn”2 = 290 (Xn — U, Xa—1 — Xp)- (3-3)
Furthermore,
Vo —=3l1> = [ Ju,all = ptnB)tun = Jpoa(l — paB)d|?

|un — pnBup — (ﬁ - .UnB/‘])”2

= |lup — U~ (1nBup — MnBﬁ)Hz

< lun =Gl + 43| Bun — BU)||* = 2pn(un — U, Bup — BU)

~ 2bn .
< lun —3l1* + 13| Bun — BG)|[> — =||Bu, — Bii|?

1)

N 2
< lun =Gl + a0 — ;)HBUn—BAU)H2
= lu, —1?
< lxe = ﬂHz + ’Y:%”Xn—l - Xn||2 = 29n(Xn — U, Xa—1 — Xp)- (3.4)

Note that, if T € zer(A 4+ B), then (Bx,)nen converges strongly to the unique dual solution
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Bx [see proof: Theorem 26.14(ii) of [12]], so therefore, Bu, — Bt — 0. So we observe that,

1Va = pin(Bva — Bu,) — (U + Bu — Bu)|?

(v — B — 1n(Bn — Bu) — (Bii — B)|?

(v = T) = ptn(BVy — BU) + p1n(Buy — B)||?

= |I(va = @) = ptn(Bva — BU)||? + pi5 || (Bu, — B)|]?
20n{(vo — B) — ia(Bvo — BT), Bu, — Bi)

= |I(va — 1) — p(Bva — BU)||* + p13|| Bu, — Bul?
+2pn(v, — U, Bu, — Bu) — ZMf,(Bv,, — B, Bu, — Bu)

= |(va —0) = p5(Bv, — BO)|?

— o= BIP + 2l1Bva — BT — 2un{vi — B, Bun — BE)

lwn — >

- 2
= ||v,,—u||2—|—,u,,(,u,,—;)||Bv,,—BX||2
= lva— 1l
= |xn— a”2 + "/3”an1 - Xn||2 = 29n{Xn — U, Xn—1 — Xn). (3.5)

be G, foralln>1. Henceu € Cpyq implies I C Cyi1. Therefore Pc,,,x; is well defined.

Step 2. Next we show that lim,_, ||x, — U|| exists. Since I is nonempty, closed and convex
subset of H;, there exist a unique x* € I such that

x* = Prx;.
From Pc,,,x1, Cot1 C Gy and Xpy1 € Coqq, forall n > 1, we get
Ixo — G|l < ||Xp41 — T, for all n > 1.
In either case, as ' C C,, we have

Ix, — 4|l < |Ix* =7, for all n > 1. (3.6)

This implies that {x,} is bounded, nondecreasing and well defined, hence

nll)rr;o [Ix, — ]| exists. 3.7)

Step 3. Next, we show that x, — 1 € C as n — oo. For m > n, by the definition of C,, we
have x, = Pc,,x1 € Cpy € C,. By Lemma 2.8 we estimate that,

Ixm = xall* < [13en = @1 = 10 — T2, (3.8)

Since, limp_0 ||xn — U|| exists, it follows from (3.8) that limy_co || Xm — Xa|| = 0. Hence, {x,}
is a Cauchy sequence in C and x, — U € C as n — 0.

Step 4. Show that lim,_,o X, = U, where U = Pr(xp). we obtain from (3.1) and Step 3 that,
let U € zer(A + B), that is —Bu € Au. According to the definition of the resolvent, we have

|mn = xall = [7nllIXn — Xp—1]| = 0. (3.9)

as n — +00, [|x, — xp—1|| — O.
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From (3.1), we get,

”“n_xn”2 = ||O‘nmn+(1_an)Tnmn_Xn”2
< lan(mn = xa) + (L — an)(my — Xn)”2
< [lma = xall?. (3.10)

Hence,
%01 — M| < ||Xn+1 — Xall + [|mn — xa|| = 0 as n — co.

Since, x,11 € C,, we obtain,

llva — Xn+1H2 < lxn = Xn+1||2 — 29n(Xn — Xnt1, Xn—1 — Xn) + ’Y:%”Xn—l - Xn||2
< xe — Xn+1||2 + 2|9l Ixn = Xat 1]l IXn—1 — Xal|
+92|[Xp—1 — Xn||> = 0, as n — oo. (3.11)
for all n > 1. So,
nILn;O [lva — xa|| = 0. (3.12)
and
lwn — XnH2 = |lva — %0 — ptn(Bvi, — Bu,,)H2
2
< v — xall? + 422 Bvi — Buy |2 — 722 By, — Buy|?
P
2
< lva = XnH2 + tn(ptn — ;)”an - Bu,,||2
< Ve = Xa||? = 0, asn — 0. (3.13)
Similarly,
lwn — vall < ||wn — xnll + ||Va — Xal] = 0 as n— oc.
Ve — tnll < ||Va — || + [|tn — xa|| = 0 as n — 0.
lun — mall < JJup — Xall + |mn — x0]] = 0 as n — oo.
and

lwn — mu|| < ||wp — mp|| + ||mp, — x| = 0 as n— oo. (3.14)

Take w, := S,m,, where S, := (I + u,A)~*(/ — u,B). Therefore,
1Sam, — my|| = ||wy, — my|| =0 as n— oo.

Since liminf,_, o pn, > 0, there exist ¢ > 0 such that u, > o, for all n > 1. Then, by Lemma
2.6, we have,

lim ||Semp, — my|| <2 lim ||Sym, — m,|| = 0.

n—oo n—oo

By lemma 3.3 and 3.1 of [23], S, is nonexpansive and F(S,) = (A + B)~*(0). Since {x,} is
bounded and H; is reflexive, there exists a subsequence {x,, } of {x,} such that x,, = w € H;.
Using the fact that ||u, — x,|| =+ 0, as n— oo and x,, — W € Hy, we have u,, — w € H;.
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We can therefore make use of Lemma 2.2 to assure that w € I'. If U = Pr(xp), it follows
from (3.7), the fact that w € I' and the lower semicontinuity of the norm that,

o=l < [x—wl| <liminfx — x|
11— 00
< limsup Ixo — x| < %o — 3]
i—00
Thus, we have that lim;_, o ||x,, — x0|| = ||[x0 — W|| = ||x0 — @J|. This implies that x,, — w =

U, i — oo. It follows that {x,} converges weakly to 4. So we have,

Ixo =@l < liminf|xg — x|
n—oo

IN

im sup %0 — xal| < [lx0 — .
n—o0o

This shows that, lim,_c [|xa — x0|| = ||X0 — U||. From x, — U, we also have x, —xg — U— Xp.
Since H; satisfies the Kadec-Klee property, it follows that x, — xg — U — xg.

Therefore, x, — U as n — oo.

Step 5. First we show that h*(/ — T,f)h is a %—inverse strongly monotone mapping. For this,
we utilize the firmly nonexpansive of T,f which implies that (/ — T,f) is a l-inverse strongly
monotone mapping. Now, observe that

[h*(I = TS hx — h*(I = T2)hy|> = (h*(I— TE)(hx — hy), h*(I — T2)(hx — hy))
(1= T2)(hx — hy), h*h(I — TE)(hx — hy))

< L{(I=TE)(hx — hy), (I = T)(hx — hy))
= LI = TE)(hx = hy)|?
< Lix—y, h*(I = T2)(hx — hy)),

for all x,y € Hi. So, we observe that, h*(/ — T°)h is a f-inverse strongly monotone.
Moreover,/ — ah*(I — T2 )h is nonexpansive provided o € (0, 1).

Next, we show that v € Q. Setting, z, = T/ (I — ah*(I — TF)h)m,. For any T € T, we
consider the following estimate:

T3 (1= ah™(1 = T2)h)m, — @[>

= T (= ah™(1 = TE)hym, — T/ 4>

|my — ah*(I = TF)hm, — 3|12

lme = 3% + o?|[h* (1 = T,2)hm, >

+2a/(t — my, h*(I — TE)hm,). (3.15)

2o —@®

IN A

Thus, we have
||Zn - ﬁ||2 < Hxn - ﬁHQ + %21||an1 - Xn”2 - 2’Yn<xn — U, Xp—1 — Xn>
+a?(hm, — TS hm,, h*h(I — T2 )hm,)
+2a(t — my, h*(I — TE)hm,). (3.16)
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Moreover, we have
a?(hmy, — TEhmy, h*h(I — TE)hm,) < La®(hm, — TEhmy,, hm, — TS hm,)
Lo ||hm,, — T, hm,||. (3.17)
Note that
20T — my, (I = T)hm,) = 2a(h(@ — m,), hm, — T, hm,)
= 2a(h(@— m,), (hm, — TS hm,)
—(hmy — TEhm,), hm, — T2 hm,)
= 2a[(Ap— T,(n;hm,,, hm, — T,fhm,,> — ||hmy, — T,(n;hm,,||2]
1
< 2a[§\|hmn - T,fhm,,||2 = [lhm, — T,fhmn||2]
= —allhm, — T,fhm,,H2. (3.18)
Utilizing (3.16)-(3.18), we have
|20 — /’j||2 < X — EHQ + 7:21||an1 - Xn”2 = 29n(Xn — U, Xn—1 — Xn)
+La?||hm, — T hm,||* — allhm, — T2 hm, |2

= xo =8l + 72 lxa-1 = xall® = 27900 — . X0-1 = xa)
+a(La — 1)||hm, — TS hm, |2 (3.19)

Note that

Ballmn =) + (1 = Bn)llz. — 1>
[ — a||2 + 'Y:%Hxn—l - XnHz = 29n(Xn = U, Xn—1 — Xn)
+a(La — 1)|[hm, — TS hm, |2 (3.20)

lun — >

IN A

Moreover, we have

—a(La = 1)[[bm, = TEAm, | < |lxo = Tl* = [Jun — G)* + 77 %01 — xa?
=27n(Xp — U, Xp—1 — Xp)- (3.21)

Since a(La — 1) < 0, it follows from (3.7), C1 and the above estimate that

lim ||hm, — T.Ehm,|| = 0. (3.22)
n—oo



86 Y. Arfat and K. Sombut

Note that T,f is firmly nonexpansive and | — ah™(/ — T,f)h is nonexpansive, it follows that

20 — a2 1T (my = ah™ (1 = T2 hmy) — T2

< (TH(m,—ah*(I = TE)hm,) — T 4, m, — ah*(I — TF)hm, — 0)
= (2z,—-T, my—ah*(I— TF)hm, — 1)
1 N . —~
= il — 0| + [[mn — ah*(1 = T,2)hmy, — 0|2
—\zo — my + ah* (I — T,f)hm,,|\2}
1 ~ o~ *
< Sillz - all? + [mn =G = |20 — my + ah* (1 = T,5)hm, |}
1 —~ ~ *
= Sz =8P+ llmn = Bl = (lz0 = mal|* + a2 [[ 5 (1 = T,7)hmy |*
+2a(zy — m, , h*(I — T,f)hm,,))}.
So, we have
|z _EHZ < lm, _EHQ —llza — m,,||2 —2a(zy — ma, h*(1 - Tf)hm,,)
< ma =l = |20 — mal® + 2al| 2y — my|[[|H*(1 = T,2)hm, || (3.23)
This implies that
lun —all? Ballma = Tl1* + (1 = Bn)l|zo — |12

IAIA

Ballmn — a”2 + (1= Ba)(lmn — a”2 = |lza — m,,||2
+2al|zy — ma||H*(1 = T.2)hm,|)).

Therefore, we have

(L= Ba)llzn = mall® < {lmn =% = [|un — 32

+2a(1 = Ba)l| 20 — ma|[|H*(1 = T,2 ) hmy||. (3.24)

Utilizing (3.2-3.3), (3.22) and (C2), we have

T lzn — mall = 0. (3.25)
From (3.9) and (3.25), we have
nILngon,,—m,,—l—X,,—x,,H = 0
Jim 1z = xo = (mp =) = 0
n|i>moo lzo —xn|| = O (3.26)

Letting n — O implies that z, — V. Next, we show that v € EP(F). Since, z, = T/ (I -
ah*(I — TE)h)m,, for any y € C, we have

1
F(zn,y) + r—(y — Zp, Zpn — Xp — ah™(1 — Trfhm,,)> >0.

n
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This implies that

1 1
F(zn,y)+ —(y — zn, 20 — Xn) — —(y — zn, ah* (I — Trfhm,,)> > 0.

n rl‘)

From the Assumption 2.3(A2), we have

1 1
r—(y —Zn, 2y — Xn) — —(y — z,, ah™ (I — T,fhm,,)> > —F(z,y) > F(u, z,).
n I'n
So, we have
1 1 * G
T<y — Zniy Zn; — X"i> - T<y - z"i'ah (I - Trn hmni)> > F(.y’z"i)' (327)
n; n;

Utilizing (3.22) and (C3), we get that z,, — V. Moreover, utilizing (3.34) and the Assumption
2.3(A2), we estimate
F(y,v) <0, forall y € C.

Let y; =ty + (1 —t)v forsome 1>t > 0and y € C. Since Vv € C, consequently, y; € C
and hence F(y:, V) < 0. Using Assumption 2.3((A1) and (A4)), it follows that

0

F(th}/t)
< tF(yey) + (L= t)F(ye, V)
< t(F(yry))

This implies that
F(y:,y) >0, forallye C.

Letting t — 0 and by, Assumption 2.3 (A3), we get
F(v,y) >0, forallye C.

Thus, v € EP(F). Similarly, we can show that v € EP(G). Since h is a bounded linear
operator, we have hx,, — hv. It follow from (3.22) that

T hm, — hv as i — oc. (3.28)
Now, from Lemma 2.4 we have
1
G( TrG hmni’y) + 7<y - TrG hmni’ TrG hmnr‘ - hmni> Z O'
n; rn,- n; n;

for all y € C. Since G is upper semicontinuous in the first argument and from (3.28), we
have
G(hv,y) >0,

for all y € C. This implies that hv € EP(G). Therefore, v € SEP(F, G) and hence v € T.
This completes the proof.

If we take G = 0 then split equilibrium problem goes to the classical equilibrium problem.
So from (3.1), we get



88 Y. Arfat and K. Sombut

Corollary 3.2. Let Hy and H, be two real Hilbert spaces. Let F : R x R — R be a
bifunctions satisfying (A1)-(A4) of Assumption 2.3. Let A : Hy — 2" be a maximally
monotone operator and let B : Hy — Hi1 be a monotone and p-Lipschitz operator for some
p > 0. Assume that T = (A+ B)71(0) N Q # 0, where Q := {x* € C: x* € EP(F)}. For
given xo, x1 € Hj let the iterative sequence {xp},{mn},{un},{vn} and {w,} are generated by

mp = X, + ’Yn(Xn - Xn—l):'

up = Bomp + (1 — ﬂ”)Trfmn,'

Vo = Ju,a(l — nB)up;

Wp = Vy — tn(Bv, — Buy);

Cor1 = {0 € Gyt [l =TI < [xo — TI* = 27a(x0 — Ty Xn—1 = Xn) + V7 lIxX0—1 — xal*},

X,,+1 = PC,,(XO)-

(3.29)

Let a sequence {x,}>2, in H be generated by (3.29), for each n > 1, where {u,} C (0,2p),
{7} € [0,7], v €[0.3), {ra} C (0,00) and {B,} are sequence in [0,1]. Assume that the
following conditions hold:

C1 32, Vallxo — Xp-1]| < 00,
C2 0 < liminf,_yo0 Bn < limsup,_, . Bn < 1;
C3 liminfpoo rn > 0;

C4 0 < liminf,oo ptn < limsup,_, o ttn < % < 2p.

Then the sequence {x,} generated by (3.29) strongly convergence to a point T = Prx;.
If we take B :=0in (3.1), then we obtain the following corollary,

Corollary 3.3. Let Hy and H; be two real Hilbert spaces. Let F : RxR — R and G : RxR —
R be two bifunctions satisfying Assumption 2.3 such that G is upper semicontinuous. Let h :
H1 — Ha be a bounded linear operator; let A : Hi — 27 be a maximally monotone operator.
Assume that T = (A)72(0)NQ # 0, where Q := {x* € C: x* € EP(F) and hx* € EP(G)}.
For given xo, x1 € H1 let the iterative sequence {x,},{mn} {un}.,{va} and {w,} are generated
by

mp, = X, + ’Yn(Xn - Xn—l):'

Up = Bamp + (1= Bn) TE(I = ah*(1 = TE)h)m,,

Vh = J/l,,,AUn;

Wp = Vn,

Cos1 ={U € Gyt [lwn — T < |30 — TP = 29 (0 — Ty Xn—1 = Xn) + ValIX0—1 — X4},

Xn+1 = Pc,(x0)-

(3.30)

Let a sequence {x,}>2, in 1 be generated by (3.30), for each n > 1, where {u,} C (0,2p),
{7} C[0,7], v €[0,1), {rs} C(0,00), with a € (0, }) such that L is the spectral radius of
h*h and {an}, {Bn} are sequences in [0, 1]. Assume that the following conditions hold:

C1 32, Vallxo — Xp-1]| < 00,

C2 0 < liminf,o0 Bn < limsup,_, o, Bn < 1;
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C3 liminf,soo 1y, > 0;
C4 0 < liminf,oo ptn < limsup,_, o ttn < 2p.

Then the sequence {x,} generated by (3.30) strongly convergence to a point U = Prx;.

Remark 3.4. we remark here that the condition C1, it is easily applicable in numerical
calculation since the valued of || x,—x,—1]| is known before choosing v,. At here, the parameter
~n can be taken as 0 < v, < 4,

o = min{m,y} if Xn # Xp—1;
n 5 othrwise,

where {w,} is a positive sequence such that Y °, w, < co and v € [0, 1).

4. Applications

In this section, we illustrate the theoretical results which we already obtained in previous
section.
Convex Minimization Problem:
Let f : H — R and g : H — R be two convex, proper and lower semicontinuous functions
such that a function f and its differentiable with L-Lipschitz continuous gradient and another
one function g which is sub-differential and it is easily calculated. Assume that w is the set of
solutions of problem (2.1) and w # 0. In theorem 3.3, set that B := V§f and A := dg. Then,
we compute the following theorem for solving (2.1) in strong convergence with inertial and
split equilibrium problem form.

Corollary 4.1. Let Hy and H, be two real Hilbert spaces. Let F : C x C — R and
G : Q x Q — R be two bifunctions satisfying (Al)-(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h: Hy — Ho be a bounded linear operator. Let A : Hi — 27 be
a maximally monotone operator and let B : H1 — H1 be a monotone and p-Lipschitz operator
for some p > 0. Letf,g:Hi — R be two convex, proper and lower semicontinuous functions,
such that a function § which is differentiable with p-Lipschitz continuous gradient and another
function g which is sub-differential and it is easily calculated. Assume that w is the set of
solutions of problem (2.1) and w # 0. Let vy, be a bounded real sequence and 1 € (0, %)
Assume that T = wNQ # 0, where Q := {x* € C: x* € EP(F) and hx* € EP(G)}. For
given xo, x1 € Hi let the iterative sequence {xn},{mn} {un},{va} and {w,} are generated by

m, =X, + ’Vn(Xn - anl)r'

up = Bomp + (1 — ﬁ,,)T,f(/ —ah*(l - T,f)h)m,,,'

Vn = proxy, (I — pnV§)un,

Wy = Vp — pn(Viv, — Viu,);

Cop1 = {0 € Gy 1 [l =TI < [[xo =TI = 270 (x0 — Uy Xn—1 = Xn) + V2101 — xal*},

Xnt1 = Pc,(x0)-

(4.1)

Let a sequence {xn}5%, in H be generated by (4.1), for each n > 1, where{u,} C (0, %)
{7} C[0,7], v €[0,1), {ra} C (0,00), with o € (0, }) such that L is the spectral radius of
h*h and {a,}, {Bn} are sequences in [0, 1]. Assume that the following conditions hold:

C1 32, Vallxo — Xp-1]| < 00,
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C2 0 < liminfso0 Bn < limsup,_, o Bn < 1;

C3 liminf,oo 1, > 0;

C4 0 < liminf, o0 ptn < limsup,_,oc ptn < 2 < 2p.

Then the sequence {x,} generated by Theorem (4.1) strongly convergence to a point U =
Per.

Split Feasibility Problem: Let H; and #> be two real Hilbert spaces and h: H; — Ho>
be a bounded linear operator. Let C and Q be closed, convex and nonempty subsets of H;
and Ha, respectively. The split feasibility problem (SFP) is the problem to find X € C such
that SX € Q. We represent the solution sets by w := CNh™1(Q) = {y € C: hy € Q}.
Censor and Elfving [15] introduced first time it, to solve inverse problems and their application
to medical image reconstruction and radiation therapy and modeling and simulation in a finite
dimensional Hilbert space. Recall C is the function

~ 0, xe(;
be(x) := { o0, otherwise.
The proximal mapping of b¢ is the metric projection on C,
proxp. = argmin||p —X||
peC

= Pc(X).

Let h : H1 — Ha be a bounded linear operator and h* the adjoint of h. Let Pg be the
projection of H, onto a nonempty, convex and closed subset Q. Take: f(X) = 3||hx — Pohx||?
and g(X) = bc(X). Then, we compute the split feasibility problem from following theorem in

strong convergence with inertial and split equilibrium problem form.

Corollary 4.2. Let Hy and H, be two real Hilbert spaces. Let F : C x C — R and
G : Q@ x Q@ — R be two bifunctions satisfying (Al)-(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : H1 — H, be a bounded linear operator. Let A : Hi — 2™
be a maximally monotone operator and let B : H1 — H1 be a monotone and p-Lipschitz
operator for some p > 0. Assume that w is the set of solutions of problem (2.1) and w # 0.
Let v, be a bounded real sequence and p € (0, W) Assume that T = w N Q # (), where
Q:={x*e€ C:x* € EP(F) and hx* € EP(G)}. For given xo,x1 € H1 let the iterative
sequence {x,},{mn},{un}t.{va} and {w,} are generated by

mp = X, + 'Yn(Xn - Xn—l)r'

U = Bamp + (1= Ba) TE(I — ah*(1 = TE)h)m,,

Vo = Pc(l — pnh*(1 = Po)h)un;

Wp = Vy — pn(h*(1 = Pg)hv, — h*(1 — Pg)hu,);

Cor1 = {0 € Gyt [lwn — T < |30 — TP = 29 (30 — Ty Xn—1 — Xa) + ValX0—1 — x4},

Xnt1 = Pc, (o).

(4.2)

Let a sequence {x,}2, in H be generated by (4.2), for each n > 1, where{pu,} C (0, W)
{7} € [0.7], v €10, 1), {r} C (0,00), with a € (0, }) such that L is the spectral radius of
h*h and {a,},{B,} are sequences in [0,1]. Assume that the following conditions hold:
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C1 3705 Ynllxo — X1l < 00
C2 0 < liminf,so0 Bn < limsup,_, o Bn < 1;

C3 liminf,_oo rn > 0;
C4 0 < liminfy o0 ptn < limsup, .. fin < 727

Then the sequence {x,} generated by Theorem (4.2) strongly convergence to a point U =
Per.

5. Example and Numerical Results

This section shows effectiveness to our algorithm by following given examples and numer-
ical results.

Example 5.1. Let H; = H, = R, the set of all real numbers, with the inner product defined
by (x,y) = xy, for all x,y € R and induced usual norm |- |. Let F: R x R — R is defined as
F(x,y) =2x(y — x) where x,y € F and let G : R x R — R is defined as G(u, v) = u(v — u)
where u,v € G. For r > 0, we define three mappings h,A,B : R — R are defined as
h(x) = 3x, Ax = 4x and Bx = 3x, respectively. For all x = xp, x; € R and B be a monotone
and p-Lipschitz operator for some p > 0 and A is maximal monotone. Then there exist unique
sequences {x, },{m,}.{un},{va} and {w,} are generated by iterative method in theorem (3.1).

Choose a = 0.5 ,8 = 1550=7+ F = 1505—1» L =3 and ;=0.004.

{ min{m,O.S} if Xp # Xp_1;

0.5 otherwise,
then {x,} conveges strongly.
It is easy to prove that the bifunction F and G satisfy the A;-A; and G is upper semicontinuous.
h is bounded linear operator on R with adjoint opertator h* and || h|| = ||i*|| = 3. Moreover,
Sol(EP(F) = {0}, Sol(EP(G)) = {0}. Hence I = (A+ B)~1(0) N Q = 0. Now, we solved
this numerical example in six step,
Step 1. Find z € Q such that G(z,y) + l(y —z,z—hx) >0forally € Q.

r

Since v, =

1 1
G(z,y)+;<y—z,z—hx>20 & z(y—z)+;<y—z,z—hx>20,

< rz(y—z)+(y — z)(z— hx) >0,
< (y=2)((1+r)z—hx)>0

for all y € Q. Thus, By Lemma 2.4(2), we know that T,th is single-valued for each x € C.
Hence z = -2
1+r"

Step 2. Find m € C such that m = x — ah*(/ — T)hx. From Step 1, we get,

m=x—ah*(l—T®)hx = x—ah*(l— TC)hx,
3(hx)
= — 3 _—

x —a(3x 1—|—r)'

= (1-3a)x+ %(hx).
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Step 3.
Find u € C such that F(u,v)+ (v —u,u—m) >0 for all v € C. From Step Two, we have

F(u,v)—i—%(v—u,u—m)ZO “ (2u)(v—u)+%<v—u,u—m>20
< rRu)(v—u)+(v—u)(u—m)>0
< (v=u)((1+2r)u—m) >0

(1—3a)x 3ahx

for all v € C. Similarly, by Lemma 2.4(2), we obtain u = 5. = 5= + T
Step 4.
Formulations for the sequences.

Xxg = x € R;

mp, = X, + 'Vn(Xn - anl);

_ n n (1=3a)x, 3ahx,

tn = ga,71Mn + (1= 1o0577) g - + (1+r)(1+2r))m"’

Vp = };—ijxn — 17453%n) Un,

w, = v, — 0.004(3v,, — 3u,);
Step 5.

Find Cou1 = {0 € Gy [[wn — 0|1? < |Ix0 — T|% = 290 (X0 — T, Xn—1 — Xn) + V2|[Xn—1 — Xal|?*}.
Since ||w, — U[1% < ||xp — @)% = 29 (X0 — U, Xo—1 — Xn) + V2||Xn—1 — Xn||?} we have

Wy, + Xn

2

<.

Step 6.

Compute the numerical results of x,11 = Pc,,,x1.

We provide a numerical test of a comparison between our inertial forward-backward-forward
method defined in Theorem 3.2 (i.e v, # 0)and standard forward-backward-forward method
(i.e 7o = 0). The stoping criteria is defined as E, = |[xp11 — X,|| < 107°. The different
choices of xg and x; are giving as following:

Table 1. Numerical results for Example 5.1

No. of lter. CPU(Sec)

Yo =0 A0 | vn=0 Yo # 0
Choice 1. xo = (2) and x = (—2) | 18 11 0.044675 | 0.041939
Choice 2. xo = (10) and x1 = (2) | 29 13 0.051017 | 0.042856
Choice 3. xo = (1.5) and x; = (2.5) | 24 10 0.043580 | 0.037694

The error plotting E, of v, # 0 and v, = 0 for each choices in Table 1. is shown in figure
1-3, respectively,
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Fig. 1. Evaluation of iterations for IFBFA and FBFA in Choice 3 of Example 5.1

Conclusion. The main aim of this paper is to propose an iterative algorithm to find

an element for solving a class of split equilibrium problem and inclusion problem in Hilbert
spaces. We introduce a modified inertial forward-backward-forward splitting algorithm and
its convergence theorem for the split equilibrium problem and Inclusion problem in Hilbert
spaces. We also proved there convergence and designed the algorithms by combining the
forward-backward-forward splitting method and the shrinking projection method. Some ap-
plications and numerical example and computational results are implemented for bifunctions,

which are generalized from the split equilibrium problem to illustrate the convergence which
are presented in this paper.
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