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equations. Thus, finding their solutions is of paramount importance. Keywords:
Traditional approaches such as Newton and quasi-Newton methods for Nonlinear Monotone
solving these systems require computing Jacobian matrix or an ap- Equations; Conjugate

proximation to it at every iteration, which is very expensive especially Gradient Method;
when the dimension of the systems is large. In this work, we propose Projection Method;
a derivative-free algorithm for solving these systems. The proposed al- Signal Recovery
gorithm is a combination of the popular conjugate gradient method for MSC
unconstrained optimization problems and the projection method. We 65K05; 90C52; 90C56
prove the global convergence of the proposed algorithm under Lipschitz

continuity and monotonicity assumptions on the underlying mapping.

We perform numerical experiments on some test problems, and the pro-

posed algorithm proves to be more efficient in comparison with some

existing works. Finally, we give an application of the proposed algo-

rithm in signal recovery.

1. Introduction

In recent years, spectral and conjugate gradient projection based methods have received
much attention in solving convex constrained systems of nonlinear monotone equations given

as:
J(x) =0, subjectto x e ACR", (1.1)
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where A is nonempty, closed and convex, and J : R” — R” is continuous and monotone.
Monotone means

J(x)=J(y), x—y)>0 forall x,yeR"

Problem (1.1) arises in a number of applications from engineering and other branches of
sciences. For example, in economic equilibrium problems [11], power flow equations [28]
and chemical equilibrium systems [22]. Moreover, algorithms for solving systems of nonlinear
monotone equations are used in signal and image recovery, (see [14, 29, 30, 3, 1, 4, 17, 2, 6]).

Classical methods for solving (1.1) include Newton and quasi-Newton methods which have
fast convergence from good initial guess. However, the main problem associated with these
methods include solving linear system using a Jacobian matrix or its approximation at every
iteration. As a result, these methods are not suitable to handle large scale problems. On the
other hand, spectral and conjugate gradient methods proposed for unconstrained optimization
problems do not require any Jacobian matrix or its approximation and are simple to implement.
These important properties make them suitable for solving large scale optimization problems.
Motivated by these nice properties, researchers extended these methods to solve system of
nonlinear equations [9, 18, 19]. Conjugate gradient method produces sequence of iterations
using the formula:

Xk+1 = Xk + aydg, (1.2)

where «ay is a step size, and dj is a search direction. To solve (1.1), the definition of the
search direction is given as:

_ ) —I0), if k=0,
" {J(Xk) + Brdi—1, ifk>1, (1.3)

where the parameter [ is a scalar known as the conjugate gradient parameter.

Following the success of the projection technique proposed by Solodov and Svaiter [26],
many conjugate gradient projection based methods have been proposed to handle large scale
systems of nonlinear equations. For example, Cheng [8] combined the projection technique in
[26] and the Polak—Ribiere—Polyak (PRP) method [24, 25] to propose a conjugate gradient
projection based method for solving nonlinear monotone equations. They proved the global
convergence of the method under monotonicity and Lipschitz continuity assumption of the
mapping considered. The numerical results presented proved that their method is promising in
solving large scale problems. In the work of Xiao and Zhou [30], based on the projection tech-
nique in [26], an extension of the popular descent conjugate gradient method (CG_Descent)
[15] is proposed for solving convex constrained monotone nonlinear equations. Liu and Li [21]
presented another extension of the CG__Descent method to solve convex constrained nonlinear
monotone equations. They showed that their proposed method is globally convergent and has
some advantages numerically when compared with the method proposed in [30]. Liu and Feng
[20] propose a spectral conjugate gradient method for solving convex constrained monotone
nonlinear equations. Their work is also a combination of the projection technique [26] and
the popular Dai-Yuan conjugate gradient parameter [10]. The numerical results proved that
their method is more efficient than the ones proposed in [31] and [21].

Inspired by the above contributions, and the success of the projection technique in [26], we
propose a spectral conjugate gradient projection based method for solving (1.1). Among the
advantages of the proposed method is that it inherits the low storage requirement property of
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the spectral conjugate gradient method, and thus, it is suitable to solve large scale nonlinear
monotone equations. It is derivative-free, and the global convergence is established without
any differentiability assumption. Moreover, we perform numerical experiments on some test
problems to depict the efficiency of the proposed algorithm in comparison with the ones
proposed in [20] and [33]. Additionally, we apply the proposed algorithm in signal recovery
problems, and the quality of the recovered signal proves that the proposed algorithm is more
efficient than some existing methods.

The remaining part of this paper is organized as follows. In the next section, we introduce
the proposed algorithm, some important definitions and prove global convergence. Then, in
section 3, we present some numerical experiments of the proposed algorithm and compare
it performance with two existing ones. This is followed by a section where we show the
application of the proposed algorithm in signal recovery. In the last section, we give the
conclusion of the work.

2. Algorithm and Convergence Analysis

We begin this section by defining the projection operator as follows:

Definition 2.1. Let A C R"” be a nonempty closed convex set. Then for any x € R", its
projection onto A, denoted by Pa(x), is defined by

Pa(x) = argmin{||x — y|| 1y € A}.
The projection operator Pp has the properties
[PA(X) = PA)II < [Ix =yl Vx,y €R”, (2.1)

and
[PA(x) =yl < [lx —yll, VyeAN (2.2)

In this work, we define a new search direction as follows:

—J(x), if k=0,
d = { () '

() + g i k> 1
k k _J(kal)Tdk—l k—1, = 4,

(2.3)

where s_1 = ay_1dk—1, and the parameter 74 is obtained such that the direction (2.3)
satisfies
J0a) T < —cllJ0a)|1%, (2.4)

which is an important property in establishing the global convergence.

Observe that from (2.3), when k = 0, J(xx) "dk = —||J(x«)||?, thus, (2.4) is satisfied with
¢ = 1. However, when kK > 1,

114 (i) 17 (%) T sie—1
J(xk—1) Tdi—1

J(Xk)TSk_l 2
J(kal)Tdkfl )”J(Xk)”

J(Xk)Tdk

~7ellJ (x|~

—(Tk +
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J(xx) " sk—1

;
To satisfy (2.4), we only need 7 + JJ(Xk) Sl Tow T

mZC,C>O.That|S,TkZC—

In
this work, we choose

J(Xk)TSk_l
Ty =C— —F——— . 2.6
« J(xk—1)Tdk—1 (2:6)

Thus, it is not difficult to see that Vk > 1, multiplying (2.3) by J(xx)" and substituting

X 7—5 — .
Tk =C— 7J(J)Sk2)7kdk11 gives
J(xx) Tk = —c||J(xx) |2 (2.7)
Furthermore, taking absolute value from (2.7), we get |J(xk)"di| = c||J(x)|>, Vk and
consequently,

(k1) " die—1] = €]l I (xe-1) |- (2.8)

We now give the steps of our proposed algorithm as follows:

Algorithm 1: Spectral Conjugate Gradient Projection Method (SCD)
Input : Choose initial point xp € A, v € (0,2),0 € (0,1), s € (0,1], ¢ >0, Tol >0
and 8 € (0,1). Set k:=0
Step 1: If [|J(xk)|| < Tol, stop, otherwise go to Step 2.
Step 2: Compute di using equation (2.3).
Step 3: Compute the step size ax = max{x3’ :i=0,1,2,---} such that

— J(x + 5B7di) T d > k8| di]2. (2.9)
Step 4: Set zx = xx + axdk. If zx € A and ||J(zx)|| = 0, stop. Else compute

Xk+1 = P/\[Xk - 'YCkJ(Zk)]'

where

./(Zk)T(X;< — Zk)
1(z) 112
Step 5: Let k = k+ 1 and go to Step 1.

Ck =

In order to establish the global convergence of the proposed algorithm, we assumed the
following:

(Q1) The mapping J is monotone.

(Q2) The mapping J is Lipschitz continuous, that is there exists a positive constant L such
that

(<) = JW)II < Llix = yll, vx,y € R".

(Q3) The solution set of (1.1), denoted by A, is nonempty.
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Lemma 2.2. Suppose that assumptions (@1 )-(Q3) hold, then the sequences {xx} and {z}
generated by Algorithm 1 are bounded. Moreover, we have

lim [xc — z]| = 0, (2.10)
k— 00

and
lim [[xe1 — x| = 0. (2.11)
k— o0

Proof. Letx-be the solution of (1.1). Then, by monotonicity of the mapping J, we get

(J(zi), xk =9 = (J(2k), xk — 2k + 2k =9
= (J(z), %k — zie) + (J(z) = J69, zi —) (2.12)
> <J(Zk)v Xy — Zk>.

Using xk1 definition from Step 4, equation (2.2) and (2.12) we obtain

X1 =1 = [|Palxc — vk (k)] —1* < llxe — v (26) =)
= [Ixc —f|* — 27C () T (i =9 + VRl (2P

2
=[x > — Q’YMJ(Z;()T(X,( ) 42 (J(Zk)T(Xk—Zk)>

1z 190l
< Jlxe =] — 2VWJ(ZI<)T(X/< — 2+ (W)Q
] i <l
< b —ef? = 2(2 -y T2 2.13)

This shows that the sequence {||xx —]|} is a decreasing sequence, and hence {x} is bounded.
In addition, combining this with continuity of J, we can find n; > 0 such that

[JGa)l < (2.14)

Since (J(xk) — J(2zx)) T (xk — zx) > 0, using Cauchy-Schwarz inequality, we obtain
2

1

190l Ixe = zell = J0k) T (0 = 26) = H(26) T (6 = 26) = 136 — 2

where the above inequality follows from the definition of the line search and setting z, =
Xk + akdy which gives

J(Zk)T(Xk — Zk) = 7Osz(Zk)dk Z O’OL%(”dkHz = 0'||Xk — Zk||2.

Therefore,
ollxe =zl < [[Jx)|| < m,

showing that {z} is bounded.
Again, using the continuity of J, we can find another constant ny > 0 such that || J(z)|| < n2
for all k > 0 this, together with (2.13) give us

2 (2.15)

2
g

Y2 =) lxe = 2l < fbac =l = lIxer —d
2
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adding (2.15) for k =0,1,2,---, we have
2 o0 o0
o
1275 D e =zl <> (e = = i —?) < llxo =%, (2.16)
2 k=0 k=0

which implies
lim ||xk — z|| = 0.
k—o0

This and the definition of z, implies
lim «kl|dk]| = 0. (2.17)
k—o0
From the definition of projection operator, we get
lim []xer1 = xil| = lim [[Pa[xic = 7Ced(2k)] — x|
k—o0 k—o0

< limIxie = vChd(2i) — x|
k— o0

< lim [GJ(z)ll (2.18)
—o0
<7y lim Ixk — z||
k— o0
=0.
[ |

Lemma 2.3. Suppose assumptions (Q1)-(Qs) hold, and the sequences {xx} and {z} are
generated by Algorithm 1. Then

o > max {H, (2.19)

Bl ()12 }
(L+o)lldel? )

Proof. From the line search (2.9), if ay # k, then o, = a,B~" does not satisfy (2.9), that
is,
—J(Xk + Oékdk)Tdk < G'OzkHdkHQ.

Using (2.7) and assumption (Q2), we have
el = =) "
= (JOk + agedi) — J(xi)) Tk — IOk + aedi) T di
< ay(L+0)l|di*.

Replacing a;( = a, 37! and solving for « gives the required result. [ |

Theorem 2.4. Suppose that assumptions (Q1)-(Qz) hold, and let the sequence {xx} be
generated by Algorithm 1, then
Iikm inf || J(x«)|| = 0. (2.20)
— 00
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Proof. Suppose by contradiction the relation (2.20) is not satisfied, then there exist a positive
constant r; such that Vk > 0,
(x|l = r. (2.21)

From (2.7) and (2.21), we have that Vk > 0,
l[dill = cri. (2.22)

From (2.3), (2.6), (2.8), (2.14) and (2.21), we have

=|-|c— M x.) — M
ekl = H ( J(Xkl)Tdk1> J0x) J(xk—1)Tdk_1

1[40 12 Ik
cllJ(xk-1)l?
2m o1 | di_1 |

2
cry

IN

cl[J (x|l + 2 (2.23)
<cm +

Equation (2.17) implies Veg > 0 there exist ko such that ay—_1||dk—1]| < €0 Yk > ko. Therefore,

2
2ny

choosing ¢g = r2 and N = max{|do||, ||d1l, |l dal,- -+ , | di, ||, M1} where My = cny + -, we
have ||dk|| < N. Multiplying both sides of (2.19) with | dk|| we get
B4 (x))|1?
ol > max f e, A
(L+ o)l dill?
2
> max {mcrl , (L(f;l)l\l} .
Taking the limit as k — oo on both sides, we get
lim aglldk|| > 0. (2.24)
k—o00
This contradicts (2.17). Hence,
liminf ||J(x«)|| = 0. (2.25)
k— o0
|

3. Numerical Experiments

In this section, we present the numerical experiments of our proposed SCD algorithm in
comparison with two existing algorithms, specifically, the PDY algorithm proposed by Liu and
Feng [20], and the algorithm (which we called LLY for simplicity) proposed by Zheng et al.
[33]. All codes are written on Matlab R2019b and are run on a PC of corei3-4005U processor,
4 GB RAM and 1.70 GHZ CPU.

In PDY and LLY algorithms, we fixed the parameters as reported in the respective papers
[20] and [33]. However, in our SCD algorithm, we choose 8 = 0.6, ¢ = 0.0001, x = 1,
¢ =1 and 7 = 1.8. We perform the experiments on seven test problems with eight ini-
tial points. These problems are tested on five different dimensions: n = 1000, n = 5000,
n = 10000, n = 50000 and n = 100000. We used ||J(xx)|| < 107> as a stopping criteria.We
now state the test problems considered for the experiment, where the function J is taken as
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J() = (a(x), f2(x). - Jn(x)) T

Problem 1 [18] Exponential Function.

jl(X) = eXl — 1,
Jilx)=e9+x—1, fori=2,3,...,n,
and A =RI.

Problem 2 [18] Modified Logarithmic Function.
. Xj .
Ji(x)=In(x; +1) — o fori=2,3,....n,
and A={xeR": ZX,- <nx>-1,i=12 .., n}
i=1
Problem 3 [18] Strictly Convex Function .

Jilx)=¢e9 -1, fori=1,2,....n,
and A =R,
Problem 4 )
Jilx) = LeX" —1, fori=1,2,....n,
n
and A =R’

Problem 5 [7] Tridiagonal Exponential Function.

Ji(x) = x — ecesthbata)),
Ji(x) = x; — eos(h(xi—1txitxii1)) for j—2  pn—1,
) = = e,

h= 1 and A =R

Problem 6 [32] Nonsmooth Function.
j,'(X) = Xj — sin |X,' — 1|, i = 1,2, 3, e N

n
and /\:{XER”:Zx,-gn,x,-z—l,i:1,2,...,n}.

i=1

Problem 7 Pursuit-Evasion problem.

Jix)=V8x;—1,i=1,23,..,n
and A =R’
The results of the experiments are tabulated in the following tables where ITER denotes the

number of iterations, FVAL denotes the number of function evaluation, TIME denotes the
CPU time and NORM denotes the norm of the function when an approximate solution is
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obtained. From the tables, it can be observed that all the three algorithms solved the seven
test problems considered. However, our proposed SCD algorithm proved to be more efficient
by solving most of the problems with less ITER, FVAL and TIME.

Table 1. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 1 with given
initial points and dimensions

sCD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
x1 1 3 00023 0.00E4+00 24 71 00552 7.80E-06 16 47 01044 6.27E-06

x2 1 30002 0.00E+00 21 62  0.0250 B8.99E-06 14 41 00233 9.50E-06

x3 9 27 0.0065 5.95E-06 27 80  0.0211 7.48E-06 18 54 0.0327 7.62E-06

x4 10 30 00121 220E-07 26 77 0.0269 898E-06 17 50  0.0301 8.58E-06

1000 x5 10 30 00083 213E-07 22 65 0.0326 5.66E-06 17 50  0.0348 8.19E-06
x6 5 15 00048 531E-07 37 110 0.0416 803E-06 22 65  0.0286 6.98E-06

x7 10 30 00111 2.20E-07 26 77 0.0267 898E-06 17 50  0.0214 8.58E-06

x8 10 30 0.0097 1.99E-07 22 65 00216 567E-06 17 50  0.0187 8.25E-06

x1 1 3 01281 0.00E+00 24 71 0.0649 757E-06 16 47 01032 5.24E-06

x2 1 3 00051 0.00E+00 21 62 02491 956E-06 15 44 00707 8.28E-06

x3 9 27 0.0214 5095E-06 27 80  0.0522 7.48E-06 18 54 01663 7.62E-06

x4 10 30 01192 4.67E-07 25 74 0.0595 7.95E-06 18 53 0.6757 7.35E-06

5000 x5 10 30 00356 4.63E-07 23 68 01996 6.33E-06 18 53 0.0589 7.26E-06
X6 5 15 00151 536E-07 37 110 0.1605 8.02E-06 22 65 05717 7.00E-06

x7 10 30 04784 467E-07 25 74 00927 7.95E-06 18 53 0.1644 7.35E-06

x8 10 30 0.0508 457E-07 23 68  0.0572 6.34E-06 18 53 0.0556 7.27E-06

x1 1 3 00882 0.00E+00 24 71 06136 8.67E-06 16 47 01069 5.63E-06

x2 1 3 00119 0.00E4+00 22 65 0.1816 6.24E-06 16 47 02273 4.62E-06

x3 9 27 01883 5.05E-06 27 80 01676 7.48E-06 18 54 1.0679 7.62E-06

x4 10 30 0.0738 6.56E-07 25 74 01600 7.11E-06 19 56 0.1169 4.09E-06

10000 x5 10 30 0.0415 6.53E-07 23 68  0.1979 8.96E-06 19 56 0.4385 4.06E-06
X6 5 15 02782 5.37E-07 37 110 1.1501 8.02E-06 22 65  0.5424 7.00E-06

x7 10 30 0.0558 6.56E-07 25 74 02842 T7.11E-06 19 56 1.4820 4.09E-06

x8 10 30 0.0568 6.49E-07 23 68  0.1104 8.96E-06 19 56 0.0980 4.06E-06

x1 1 3 01613 0.00E4+00 73 218 24883 0.05E-06 16 47 12844 9.30E-06

x2 1 3 00400 0.00E400 23 68 04548 5.67E-06 17 50  0.4646 4.07E-06

x3 9 27 01168 5.95E-06 27 80 05052 7.48E-06 18 54 0.6553 7.62E-06

x4 10 30 09183 146E-06 25 74 04628 7.52E-06 19 56 0.5190 9.09E-06

50000 x5 10 30 01708 1.46E-06 25 74 06266 5.01E-06 19 56 0.4309 9.08E-06
x6 5 15 00923 537E-07 37 110 0.6462 8.02E-06 22 65 15992 7.00E-06

x7 10 30 02276 146E-06 25 74 04413 752E-06 19 56 0.5693 9.09E-06

x8 10 30 03395 145E-06 25 74 12421 501E-06 19 56 0.3643 9.08E-06

x1 1 3 00782 0.00E4+00 163 488 55216 9.42E-06 17 50  1.0319 4.97E-06

x2 1 3 00638 0.00E+00 23 68  0.6252 7.60E-06 17 50  0.7126 5.76E-06

x3 9 27 09063 5.95E-06 27 80  0.9798 7.48E-06 18 54 0.6714 7.62E-06

x4 10 30 05563 206E-06 73 218 29124 9.73E-06 20 59  0.8634 5.08E-06

100000 x5 10 30 04564 2.06E-06 60 179 18583 8.93E-06 20 59  1.1861 5.07E-06
x6 5 15 01634 537E-07 37 110 11625 8.02E-06 22 65  0.8905 7.00E-06

x7 10 30 02648 206E-06 73 218 2.3206 9.73E-06 20 59  0.8795 5.08E-06

x8 10 30 1.4084  2.06E-06 60 179 1.7355 8.93E-06 20 59 0.9313  5.07E-06
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Table 2. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 2 with given
initial points and dimensions

sCD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

x1 7 20 00887 354E-06 5 9 00165 360E-08 9 25 0.0173 9.20E-06

x2 6 17 00108 9.88E-06 3 5 00068 5.17E-07 7 19 00114 2.66E-06

X3 7 19 00106 7.53E-06 18 50  0.0253 5.39E-06 9 25 0.0101 4.43E-06

x4 9 25  0.0161 4.48E-06 22 60 0.0337 T7.42E-06 28 82 0.0440 3.94E-06

1000 5 9 25 00175 4.48E-06 22 60 0.0206 7.42E-06 28 82 0.0445 3.04E-06
X6 8 22 00142 570E-06 19 53 0.0319 7.68E-06 21 61  0.0281 4.81E-06

X7 9 25  0.0363 4.48E-06 22 60 0.0583 7.42E-06 28 82  0.1102 3.94E-06

x8 9 25 00156 4.49E-06 25 66 0.0886 6.32E-06 28 82 02167 3.75E-06

x1 7 20 01270 848E-06 5 9 02202 626E-09 10 28 0.1341 3.18E-06

x2 7 19 01724 933E-06 3 5 00160 1.75E-07 7 19 0.0248 5.70E-06

x3 7 19 00422 7.72E-06 18 50  0.0524 537E-06 9 25 0.0287 3.98E-06

x4 9 26 02498 2.08E-06 23 66  0.0857 5.26E-06 30 88  1.0625 3.86E-06

5000 x5 9 26 02010 2.08E-06 23 66 04698 5.26E-06 30 88  0.1174 3.86E-06
x6 8 22 02322 645E-06 19 53 0.6032 7.43E-06 21 61 03431 6.36E-06

X7 9 26 0.0440 2.08E-06 23 66  0.0918 526E-06 30 88 03690 3.86E-06

x8 9 26 0.0336 2.08E-06 23 66  0.0886 5.26E-06 30 88 0.1348 3.87E-06

x1 8 22 02472 484E-06 5 9 06819 362609 10 28 0.0891 4.48E-06

x2 7 20 05338 265E-06 3 5 01175 121E-07 7 19 0.0432 8.03E-06

x3 7 19 01134 7.74E-06 18 50 06410 5.37E-06 10 28 1.0279 4.40E-06

x4 9 26 03260 295E-06 23 66 07092 7.43E-06 30 88  0.2219 5.48E-06

10000 x5 9 26 01460 2095E-06 23 66  0.2032 7.43E-06 30 88  0.8150 5.48E-06
X6 8 22 02239 6.55E-06 19 53 01378 T7.40E-06 21 61 01314 6.51E-06

X7 9 26 0.1494 2.095E-06 23 66 03822 7.43E-06 30 88  0.1683 5.48E-06

x8 9 26 0.6483 2.96E-06 23 66 05253 7.43E-06 30 88  0.1853 5.49E-06

x1 8 23 04542 218E-06 26 77 1.0200 7.75E-06 10 28 0.7978 9.97E-06

x2 7 20 03154 5097E-06 3 5 00983 6.32E-08 8 22 02194 2.86E-06

x3 7 19 06218 7.76E-06 18 50 03373 5.36E-06 11 31 07054 8.67E-06

x4 9 26 0.4564 6.64E-06 24 60 14849 B8.30E-06 32 94 27029 4.59E-06

50000 x5 9 26 11128 6.64E-06 24 69 04811 8.30E-06 32 94 0.9953 4.50E-06
X6 8 22 01500 6.63E-06 19 53 05501 7.37E-06 21 61 05683 6.63E-06

X7 9 26 05885 6.64E-06 24 60 05004 B8.30E-06 32 94 15171 4.59E-06

x8 9 26 01896 6.64E-06 24 60 10501 8.30E-06 32 94 1.0207 4.59E-06

x1 8 23 0.8410 3.08E-06 63 188 2.8714 7.77E-06 11 31 06148 2.26E-06

x2 7 20 03791 845E-06 3 5 01158 540E-08 8 22 0.6978 4.04E-06

X3 7 19 07152 7.76E-06 18 50 17273 536E-06 13 37 0.8367 3.15E-06

x4 9 26 05317 0.39E-06 26 77 11706 5.19E-06 32 94 21078 6.49E-06

100000 x5 9 26 05580 9.39E-06 26 77 12016 5.19E-06 32 94 21205 6.49E-06
X6 8 22 06292 6.64E-06 19 53 00325 7.36E-06 21 61 12519 6.65E-06

x7 9 26 16351 9.39E-06 26 77 12891 5.19E-06 32 94 21439 6.49E-06

x8 9 26 04745 939E-06 26 77 11348 5.19E-06 32 94 21427 6.49E-06
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Table 3. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 3 with given

initial points and dimensions

sCD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

x1 1 3 00162 0.00E+00 20 59  0.0298 7.37E-06 21 62 00354 6.57E-06

x2 1 3 00018 0.00E+00 19 56 0.0182 545E-06 8 23 00138 2.78E-06

x3 1 3 00062 222E-16 16 48 00131 5.62E-06 25 75 0.0253 8.99E-06

x4 15 44 00069 8.85E-06 20 50 00233 8.76E-06 22 65 00222 5.38E-06

1000 X5 15 44 00070 8.85E-06 20 50  0.0414 8.76E-06 22 65  0.0406 5.38E-06
x6 13 38 00636 7.75E-06 17 50 00235 6.76E-06 17 50 00187 9.63E-06

x7 15 44 00124 885E-06 20 50 00125 8.76E-06 22 65 00197 5.38E-06

x8 15 44 00125 8.94E-06 20 59 00120 8.77E-06 22 65 00217 5.42E-06

x1 1 300222 000E+00 21 62 02091 824E-06 22 65 03812 7.28E-06

x2 1 3 00041 0.00E+00 20 59  0.1648 6.10E-06 8 23 0.0397 6.21E-06

x3 1 3 00049 222E-16 16 48 00373 5.62E-06 25 75 0.0425 8.99E-06

x4 16 47 00427 6.99E-06 21 62 00509 9.80E-06 23 68  1.7854 5.99E-06

5000 x5 16 47 02445 6.99E-06 21 62 05293 9.80E-06 23 68  0.0538 5.99E-06
6 13 38 0.0480 7.75E-06 17 50  0.0411 6.76E-06 17 50  0.0412 9.63E-06

x7 16 47 00308 6.99E-06 21 62 00425 9.80E-06 23 68  0.0838 5.99E-06

8 16 47 00378 7.01E-06 21 62 04519 9.80E-06 23 68  0.4262 6.00E-06

x1 1 3 00104 000E+00 22 65 00911 5.83E-06 23 68  0.0913 5.11E-06

x2 1 3 01023 0.00E+00 20 50  0.0625 862E-06 8 23 0.0547 8.79E-06

x3 1 3 00114 222616 16 48 00557 562E-06 25 75 12883 8.99E-06

x4 16 47 00475 9.89E-06 22 65 03407 6.93E-06 23 68  0.0052 8.47E-06

10000 x5 16 47 0.0495 9.89E-06 22 65 00084 693E-06 23 68  0.1117 8.47E-06
6 13 38 00592 7.75E-06 17 50 00576 6.76E-06 17 50  0.0766 9.63E-06

x7 16 47 00475 9.89E-06 22 65 00776 6.93E-06 23 68 03569 8.47E-06

x8 16 47 01758 9.00E-06 22 65 07398 6.93E-06 23 68 01712 8.48E-06

x1 1 3 00287 000E+00 57 170 17362 8.87E-06 24 71 15008 5.67E-06

x2 1 3 00194 0.00E+00 21 62 02404 964E-06 9 26 02185 3.14E-06

x3 1 3 00236 222E-16 16 48 01844 562E-06 25 75 05480 8.99E-06

x4 17 50 04714 7.79E-06 56 167 10036 7.97E-06 24 71 0.6973 9.40E-06

50000 x5 17 50 07310 7.79E-06 56 167 1.2997 7.97E-06 24 71 0.6250 9.40E-06
x6 13 38 02250 7.75E-06 17 50 03479 6.76E-06 17 50  0.8318 9.63E-06

x7 17 50 07120 7.79E-06 56 167 17737 7.97E-06 24 71 0.9931 9.40E-06

x8 17 50 02093 7.79E-06 56 167 07052 7.97E-06 24 71 06573 9.40E-06

x1 1 3 00709 0.00E4+00 126 377 3.1485 0.15E-06 24 71 06936 8.01E-06

x2 1 3 00773 0.00E+00 22 65 04317 6.82E-06 9 26 05340 4.45E-06

x3 1 3 02186 222E-16 16 48 03266 5.62E-06 25 75 14667 8.99E-06

x4 17 51 07640 6.06E-06 57 170 10869 8.46E-06 25 74 17901 6.59E-06

100000 x5 17 51 03707 6.06E-06 57 170 1.3907 8.46E-06 25 74 1.2399  6.59E-06
x6 13 38 03836 7.75E-06 17 50 03276 6.76E-06 17 50 05267 9.63E-06

x7 17 51 04190 6.06E-06 57 170 23809 8.46E-06 25 74 12321 6.59E-06

x8 17 51 06001 6.06E-06 57 170 13800 846E-06 25 74 15502 6.59E-06
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Table 4. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 4 with given
initial points and dimensions

sCD PDY LLY

DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM |
x1 1 32 00329 4.63E-06 25 74 00168 522E-06 23 68  0.0270 9.92E-06

x2 16 44 00171 9.38E-06 25 68 00149 7.57E-06 28 79 0.0285 8.26E-06

X3 31 80  0.0455 O48E-06 24 65 00402 551E-06 26 73 0.0334 3.80E-06

x4 15 42 00148 6.35E-06 24 65 00214 8.15E-06 24 67  0.0297 3.74E-06

1000 5 17 50 00185 7.34E-06 28 83  0.0436 5.81E-06 26 76 0.1502 5.06E-06
X6 30 87  0.0350 7.98E-06 25 67  0.0415 6.04E-06 30 85  0.0413 5.71E-06

x7 15 42 00115 6.35E-06 24 65 00280 8.15E-06 24 67  0.0251 3.74E-06

x8 17 50  0.0155 6.93E-06 28 83  0.0216 5.78E-06 26 76 0.0445 5.04E-06

x1 11 32 00300 4.34E-06 27 80 0.8318 5.74E-06 25 74 0.0834 9.78E-06

x2 13 36 01954 858E-07 26 70 00767 5.44E-06 28 79 0.0832 7.83E-06

X3 13 36 0.0910 2.86E-06 26 70 01027 859E-06 20 55  1.0185 2.06E-06

x4 30 86  0.4084 009E-06 24 65 02713 B8.94E-06 25 70 0.0703 8.60E-06

5000 x5 18 53 01808 5.69E-06 30 89 01591 6.71E-06 27 79 0.0681 7.40E-06
X6 18 50 04918 7.40E-06 30 79 02369 6.40E-06 26 73 0.7855 8.49E-06

x7 30 86 00633 9.09E-06 24 65 06722 B8.94E-06 25 70 0.0644 8.60E-06

x8 18 53 0.0559 5.64E-06 30 89 03491 6.70E-06 27 79 01182 7.39E-06

x1 11 32 0.0422 5.65E-06 28 83  0.1617 541E-06 26 77 03622 8.92E-06

x2 12 32 03794 721E-06 26 70 01132 555E-06 25 70 0.4465 9.01E-06

X3 12 32 0.0459 6.50E-06 26 70 09694 532E-06 29 82 03014 8.43E-06

x4 31 90  0.1584 7.88E-06 25 68  0.1102 539E-06 30 86  1.0858 5.65E-06

10000 x5 18 53 03939 8.01E-06 31 92 04441 6.42E-06 28 82  0.2502 5.95E-06
X6 20 56 0.0879 9.91E-06 27 73 01085 6.00E-06 29 82 02371 3.01E-06

X7 31 90  0.0993 7.88E-06 25 68 03265 5.39E-06 30 86  1.1008 5.65E-06

x8 18 53 05774 T7.98E-06 31 92 01272 6.42E-06 28 82  0.1615 5.95E-06

x1 11 33 01342 236E-06 75 224 14491 O00E-06 28 83 20269 9.26E-06

x2 12 32 01422 6.04E-06 34 101 12540 592E-06 32 92 05802 5.34E-06

x3 12 32 07745 520E-06 34 101 0.6702 501E-06 31 88 0.9940 4.35E-06

x4 18 50 02091 9.23E-06 27 74 04584 6.13E-06 31 80 05563 6.21E-06

50000 x5 19 56 04123 6.27E-06 80 239 21233 832E-06 31 01 21652 5.42E-06
X6 12 32 04123 T7.47E-06 33 98 04356 7.79E-06 32 91  0.6577 6.18E-06

X7 18 50 04731 0.23E-06 27 74 03987 6.13E-06 31 89  0.7467 6.21E-06

x8 19 56 02843 6.27E-06 80 230 17214 832E-06 31 91  0.8834 5.42E-06

x1 11 33 02200 3.31E-06 78 233 24460 8.43E-06 29 86  1.8326 8.61E-06

x2 12 32 05847 T7.74E-06 35 104 09774 562E-06 32 92 13910 6.64E-06

X3 12 32 03136 6.73E-06 34 101 10017 9.54E-06 32 92 14917 7.45E-06

x4 18 51 04862 5.77E-06 33 98 11617 8.46E-06 30 86  1.2509 6.09E-06

100000 X5 19 56  1.3369 8.88E-06 82 245 23141 9.35E-06 31 92 1.2728 6.75E-06
X6 12 32 03084 7.97E-06 34 101 0.9639 7.42E-06 32 92 12035 7.42E-06

x7 18 51 03937 577E-06 33 08 11212 846E-06 30 86 15763 6.09E-06

x8 19 56 0.4793 8.87E-06 82 245 39044 935E-06 31 92 1.3877 6.75E-06
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Table 5. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 5 with given

initial points and dimensions

SCD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

x1 7 20 00890 5.73E-06 23 68 01312 647E-06 16 47  0.0781 6.49E-06

x2 7 20 00116 8.72E-06 23 68 00344 086E-06 16 47  0.0283 6.84E-06

x3 7 20 00125 9.05E-06 24 71 00322 511E-06 15 44 0.0300 6.34E-06

x4 7 20 00123 T7.46E-06 23 68 0021 842E-06 15 44 00232 8.75E-06

1000 X5 7 20 00126 7.46E-06 23 68 01550 8.42E-06 15 44 0.0274 8.75E-06
X6 7 20 00088 9.03E-06 24 71 00258 510E-06 15 44 0.0249 6.98E-06

X7 7 20 00107 T7.46E-06 23 68  0.1476 8.42E-06 15 44 00412 8.75E-06

x8 7 20 00119 7.45E-06 23 68 00293 842E-06 15 44 00228 8.74E-06

x1 7 21 00271 255E-06 24 71 02577 T7.24E-06 12 35 01706 2.77E-06

x2 7 21 00616 3.88E-06 25 74 01040 552E-06 12 35 01578 4.56E-06

x3 7 21 0.0304 4.03E-06 25 74 01218 573E-06 12 35 11935 3.25E-06

x4 7 21 02711 332E-06 24 71 01051 943E-06 12 35 01123 5.18E-06

5000 X5 7 21 0.0268 3.32E-06 24 71 01291 9.43E-06 12 35  0.0652 5.18E-06
X6 7 21 0.0999 4.03E-06 25 74 00876 572E-06 12 35 0.0821 1.75E-06

x7 7 21 00388 3.32E-06 24 71 02387 943E-06 12 35  0.0664 5.18E-06

x8 7 21 01139 332606 24 71 01726 9.43E-06 12 35 0.0552 5.17E-06

x1 7 21 00726 3.60E-06 25 74 02084 512E-06 11 32 26108 9.22E-06

x2 7 21 02388 549E-06 60 179  0.4705 8.35E-06 12 35 01240 8.05E-06

x3 7 21 00838 570E-06 60 179 04566 8.67E-06 12 35 01646 2.72E-06

x4 7 21 02351 469E-06 59 176 09580 9.51E-06 15 44 02307 2.15E-06

10000 x5 7 21 0.0911 469E-06 59 176 03671 9.51E-06 15 44 14382 2.15E-06
X6 7 21 02526 5.70E-06 60 179  0.4100 8.67E-06 12 35 0.1004 3.33E-06

x7 7 21 00543 469E-06 59 176 07330 O51E-06 15 44 01264 2.15E-06

x8 7 21 00482 4.69E-06 59 176 04571 O51E-06 15 44 02378 2.15E-06

x1 7 21 05848 B806E-06 61 182 26156 9.19E-06 11 32 20015 4.97E-06

x2 8 23 02071 491E-06 134 401 33776 9.92E-06 11 32 07214 7.74E-06

x3 8 23 04958 5.10E-06 135 404 32328 9.01E-06 11 32 05964 7.43E-06

x4 8 23 05933 4.20E-06 133 308  3.0008 O.69E-06 12 35 0.6424 2.81E-06

50000 X5 8 23 03562 4.20E-06 133 398 33884 0.69E-06 12 35 0.6049 2.81E-06
X6 8 23 02888 5.10E-06 135 404 33171 0.01E-06 11 32 03994 6.89E-06

x7 8 23 02346 4.20E-06 133 308  3.2587 0.69E-06 12 35 06985 2.81E-06

x8 8 23 01696 4.20E-06 133 308 33766 0.60E-06 12 35 17276 2.81E-06

x1 8 23 05196 4.56E-06 134 401 65738 0.21E-06 11 32 16355 2.69E-06

x2 8 23 03381 6.05E-06 283 848 20.1453 0.68E-06 11 32 12017 4.13E-06

x3 8 23 05179 7.21E-06 284 851 14.4649 0.42E-06 11 32 11021 4.20E-06

x4 8 23 00699 5.03E-06 136 407  7.4457 O.18E-06 11 32 1.0706 6.59E-06

100000 X5 8 23 05388 593E-06 136 407  6.8313 0.18E-06 11 32 08234 6.59E-06
X6 8 23 05458 7.21E-06 284 851 13.6980 0.42E-06 11 32 12348 4.13E-06

x7 8 23 04051 5093E-06 136 407 65345 O.18E-06 11 32 12016 6.59E-06

x8 8 23 0.8464 503E-06 136 407 6.6888 O.18E-06 11 32 0.8019 6.59E-06
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Table 6. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 6 with given
initial points and dimensions

sCD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

x1 10 30  0.0430 6.68E-06 6 17 00103 6.75E-07 6 17 0.0164 3.52E-06

x2 10 29 00109 457E-06 6 17 0.0087 3.28E-06 6 17 0.0259 6.62E-06

X3 10 29 00144 479E-06 24 71 01287 535E-06 20 59 0.0222 9.01E-06

x4 1 32 00121 3.96E-06 23 68  0.0202 0.21E-06 20 59 0.0293 4.39E-06

1000 5 11 32 00139 3.96E-06 23 68  0.0303 0.21E-06 20 59 0.0206 4.39E-06
X6 10 29 00132 4.87E-06 20 59 00714 9.10E-06 17 50  0.0216 6.74E-06

X7 11 32 0.0080 3.96E-06 23 68  0.0376 9.21E-06 20 59 0.0279 4.39E-06

x8 11 32 00122 397E-06 23 68  0.0274 0.23E-06 20 59 0.0179 4.40E-06

x1 11 32 00895 487E-06 6 17 09856 151E-06 6 17 0.0242 7.86E-06

x2 10 30 00597 6.69E-06 6 17 00333 7.33E-06 7 20 0.8547 8.34E-07

X3 10 30 01727 7.00E-06 18 53 0.0545 O.70E-06 17 50  0.1656 4.70E-06

x4 11 32 00399 886E-06 25 74 00773 583E-06 20 59  0.0785 9.82E-06

5000 x5 11 32 01033 8.86E-06 25 74 01119 5.83E-06 20 50  0.0682 9.82E-06
x6 10 30 00278 7.03E-06 21 62  0.0046 7.52E-06 19 56 0.5985 6.90E-06

X7 11 32 01430 8.86E-06 25 74 01078 5.83E-06 20 59  0.0861 9.82E-06

x8 1 32 00289 8.86E-06 25 74 0.0929 5.84E-06 20 59 0.0803 9.83E-06

x1 11 32 0.0476 6.89E-06 6 17 00389 2.13E-06 7 20 01593  6.27E-07

x2 10 30 0.0469 9.46E-06 7 20 00532 6.62E-07 7 20 04635 1.18E-06

x3 10 30 01110 991E-06 16 47 01259 257E-06 17 50  0.0965 4.92E-06

x4 11 33 0.0534 B820E-06 25 74 04258 825E-06 21 62  0.1299 6.03E-06

10000 x5 11 33 01411 8.20E-06 25 74 009868 8.25E-06 21 62 11701 6.03E-06
X6 10 30 00433 9.02E-06 25 74 02755 T7.3E-06 21 62  0.1347 7.80E-06

X7 1 33 01101 820E-06 25 74 03708 8.25E-06 21 62 03222 6.03E-06

x8 11 33 0.0481 8.20E-06 25 74 01500 8.25E-06 21 62  0.6405 6.03E-06

x1 12 35 04852 3.28E-06 27 80 04618 7.69E-06 7 20 02612 1.40E-06

x2 1 32 07793 6.89E-06 7 20 05416 148E-06 7 20 02002 2.64E-06

x3 1 32 02076 7.22E-06 21 62 04876 6.85E-06 17 50 07491 6.82E-06

x4 12 35 01999 5.97E-06 26 77 05229 O81E-06 22 65 0.6362 5.85E-06

50000 x5 12 35 03531 5.97E-06 26 77 06792 9.81E-06 22 65 2.1945 5.85E-06
X6 1 32 01696 7.22E-06 20 50 13486 8.01E-06 18 53 15017 7.51E-06

X7 12 35 05930 5.97E-06 26 77 12159 0.81E-06 22 65 1.0642 5.85E-06

x8 12 35 04212 597E-06 26 77 04800 0.81E-06 22 65  0.4915 5.85E-06

x1 12 35 03804 4.64E-06 28 83 09476 5.79E-06 7 20  1.4489 1.98E-06

x2 1 32 11153 O.75E-06 28 83 15076 543E-06 7 20 04727 3.73E-06

X3 1 33 03200 6.68E-06 28 83 1.0226 7.06E-06 17 50 12814 8.73E-06

x4 12 35 09861 845E-06 27 80  1.0002 6.81E-06 22 65 12254 8.27E-06

100000 X5 12 35 0.2797 845E-06 27 80 07974 6.81E-06 22 65  1.2500 8.27E-06
x6 11 33 1.0046 6.68E-06 28 83  1.8733 7.06E-06 18 53 0.8855 7.57E-06

x7 12 35 04250 B8.45E-06 27 80  0.0973 6.81E-06 22 65 13610 8.27E-06

x8 12 35 0.6744  8.45E-06 27 80 1.0637 6.81E-06 22 65 1.3076 8.27E-06
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Table 7. Numerical Results of the SCD, PDY and LLY Algorithms on Problem 7 with given

initial points and dimensions

scD PDY LLY
DIMENSION INITIAL POINT ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
x1 7 21 00285 566E-06 13 38 00125 6.75E-06 9 26 0.0098 4.32E-06
x2 7 20  0.0051 8.66E-06 12 35  0.0072 9.04E-06 9 26 0.0093 1.69E-06
x3 7 21 00139 3.09E-06 13 38 0.0152 3.69E-06 9 26 0.0185 2.36E-06
x4 7 21 00073 283E-06 13 38 0.0096 3.38E-06 9 26 0.0088 2.16E-06
1000 x5 7 21 0.0075 2.83E-06 13 38 00119 3.38E-06 9 26 0.0103 2.16E-06
X6 7 21 0.0056 3.05E-06 13 38 0.0113 3.64E-06 9 26 0.0090 2.33E-06
X7 7 21 0.0053 2.83E-06 13 38 00128 3.38E-06 9 26 0.0062 2.16E-06
x8 7 21 00075 284E-06 13 38 0.0106 3.38E-06 9 26 0.0070 2.16E-06
x1 8 23 02014 4.92E-06 14 41 00237 4.42E-06 9 26 0.0186 9.66E-06
x2 7 21 00851 4.96E-06 13 38 01749 5.92E-06 9 26 0.0445 3.79E-06
x3 7 21 00335 6.92E-06 13 38 0.0585 8.25E-06 9 26 0.0193 5.28E-06
x4 7 21 0.0290 6.34E-06 13 38 0.0320 7.56E-06 9 26 0.0971 4.84E-06
5000 x5 7 21 00105 6.34E-06 13 38 00343 7.56E-06 9 26 0.0494 4.84E-06
x6 7 21 00918 6.89E-06 13 38 0.0269 822E-06 9 26 04760 5.26E-06
X7 7 21 0.0347 6.34E-06 13 38 01156 7.56E-06 9 26 0.0774 4.84E-06
x8 7 21 00706 6.34E-06 13 38 0.0825 7.56E-06 9 26 0.0292 4.84E-06
x1 8 23 0.0256 6.96E-06 14 41 03006 6.25E-06 10 29 0.0773 1.98E-06
x2 7 21 00321 7.02E-06 13 38 0.0394 837E-06 9 26 0.0928 5.36E-06
x3 7 21 0.0219 O.79E-06 14 41 00437 3.42E-06 9 26 0.6629 7.47E-06
x4 7 21 02105 B8.96E-06 14 41 00442 3.13E-06 9 26 01134 6.84E-06
10000 x5 7 21 00215 896E-06 14 41 01545 3.13E-06 9 26 0.0547 6.84E-06
x6 7 21 00213 977E-06 14 41 0.0483 341E-06 9 26 0.2624 7.46E-06
X7 7 21 0.0936 B8.96E-06 14 41 00731 3.13E-06 9 26 0.0003 6.84E-06
8 7 21 02350 B8.96E-06 14 41 01291 3.13E-06 9 26 03378 6.84E-06
x1 8 24 0.1129 3.99E-06 41 122 1.0051 6.97E-06 10 29 05945 4.42E-06
x2 8 23 03362 6.11E-06 14 41 01410 548E-06 10 20 02369 1.73E-06
x3 8 23 00782 851E-06 14 41 01532 7.65E-06 10 20 15064 2.42E-06
x4 8 23 0.0707 7.80E-06 14 41 03986 7.00E-06 10 20 02640 2.21E-06
50000 x5 8 23 0.0840 7.80E-06 14 41 05471 7.00E-06 10 29 04523 221E-06
x6 8 23 0.2047 B851E-06 14 41 02980 7.64E-06 10 20 1.2022 2.42E-06
x7 8 23 0.0799 7.80E-06 14 41 05583 7.00E-06 10 20 0.2554 2.21E-06
x8 8 23 03384 7.80E-06 14 41 0253 7.00E-06 10 20 03382 2.21E-06
x1 8 24 02210 5.64E-06 41 122 1.3457 0.86E-06 10 20 02277 6.25E-06
x2 8 23 03563 B8.64E-06 14 41 02428 7.75E-06 10 29 04301 2.45E-06
x3 8 24 01647 3.09E-06 15 44 009632 3.17E-06 10 20 0.9843 3.42E-06
x4 8 24 02206 2.82E-06 14 41 03214 9.90E-06 10 29 0.6343 3.13E-06
100000 x5 8 24 01516 2.82E-06 14 41 05326 9.90E-06 10 20 04172 3.13E-06
X6 8 24 01568 3.08E-06 15 44 03448 3.17E-06 10 29 0.3376 3.42E-06
x7 8 24 04245 282E-06 14 41 03345 0.90E-06 10 20 1.2244 3.13E-06
x8 8 24 0.1547 2.82E-06 14 41 02437 9.90E-06 10 29 03299 3.13E-06

Moreover, using the Dolan and Moré performance profile [12], we plot the graphs of the
three algorithms in order to visualize their performance. The performance is shown in Figures

1, 2 and 3.

It can be observed from Figure 1 and 2 that the SCD algorithm outperformed the PDY
and LLY algorithms by solving around 90% of the problems with less number of iterations
and function evaluations. Furthermore, with regards to time, Figure 3 shows that the SCD
algorithm solved around 70% of the problems with less time. Therefore, we can conclude
that the proposed algorithm is more efficient than the PDY and LLY algorithms in terms of
number of iterations, function evaluations as well as CPU time.
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Fig. 2. Performance profile on function evaluations
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4. Application in Compressive Sensing

The problem of sparse signal reconstruction involves solving minimization of an objective
function:

1
min =[|Mx = y[[3 + plixllx, (4.1)

where x € R", g € R™, M € R™" (m << n) is a linear operator, p > 0, ||x||2 is the
Euclidean norm of x and ||x||; = >, || is the £1—norm of x.

This problem is of interest to many researchers in signal processing. Some of the popular
methods for solving (4.1) can be found in [13, 16, 5, 14, 27]. First, a reformulation of problem
(4.1) into a quadratic problem was given by Figueiredo et al. [14]. They expressed x € R" in
two parts

x=b-y, b>0, y>0,

where b; = (x;)+, yi = (—x;)+ for all i =1,2,....n, and (.)+ = max{0,.}. Also, we have
Ix|l1 = el b+ely, where e, = (1,1,...,1)7 € R". From this reformulation, equation (4.1)
can be written as

qin3la—M(b—yIE+pelb+pely,  b20. y>0, (+2)
from [14], equation (4.2) can be written as
mzin %ZTEZ +cTz, such that z >0, (4.3)
MM  —MTM

(b - —a _ T _
wherez—(y), C—w62n+(a>v a=M'q, E= MM MM )

It can be observed that E is a positive semi-definite showing that Problem (4.3) is quadratic
programming problem.
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Moreover, a translation of (4.3) into a linear variable problem, equivalently, a linear com-
plementary problem was given by Xiao et al [30], and the variable z solves the linear comple-
mentary problem provided that it solves the nonlinear equation:

M(z) = min{z, Ez+ ¢} =0, (4.4)

where M is a vector-valued function. The mapping M(z) is continuous and monotone as
shown in [29, 23]. This implies problem (4.1) is equivalent to problem (1.1). Hence, the
proposed SCD algorithm for solving (1.1) can be applicable to solve (4.1).

In this section, our proposed SCD algorithm is applied to restore a signal of length n
from k observations. The performance of the SCD is compared with two existing methods,
specifically, the CGD and PCG algorithms proposed in [21] and [30] respectively. We choose
the parameters in the SCD algorithm as follows: 3 = 1072, o = 0.03, ¢ = 0.1, x = 1 and
¢ = 1. However, in the CGD and PCG algorithms, the parameters are maintained as reported
in the respective papers [21] and [30]. We run each of the three algorithms with same initial
point and continuation technique on parameter p. The convergence behviour of the algorithms
is observed to obtain a solution with similar accuracy. For initialization, we used xg = M7y
and the iterations were stopped when the inequality

‘ f(Xk) — f(kal)
f(Xk_l)

is satisfied. To understand the quality of the restoration, mean squared error (MSE) is used
as a metric. The MSE is given as:

<1075,

2
'

1
MSE = —|[x =

In the experiment, M is a Gaussian matrix with n = 212 ) =210 the original signal contains
27 nonzero elements. We recover the original signal X from y by y = 219 observations, and
set f(x) = 3||Mx—y|[3+ pl|x||z. Where y = MX 4w, and w is the Gaussian noise distributed
as N(0,107%).

Figures 4 and 5 depicts the perfomance of all the three methods. All the three successfully
restored the signal. However, it can be observed that our SCD method has some advantages
over the CGD and PCG methods. These advantages include lesser MSE, number of iterations
and CPU time. In addition, four graphs are plotted to demonstrate the convergence behaviour
of the algorithms. In this case also, our proposed SCD method is reported to have faster
convergence rate in comparison with the other two. Thus, our proposed SCD method can
efficiently restore a sparse signal with less error, in fewer iterations as well as CPU time.
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Fig. 4. From top to bottom: the original signal, the measurement, and the recovery signals

by CGD, PCG and SCD methods.
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Fig. 5. Comparison of CGD, PCG and SCD methods based on MSE, number of iterations,
objective function and CPU time.

5. Conclusion

In this paper, a derivative-free algorithm for solving systems of nonlinear monotone equa-
tions is proposed. The algorithm combined the well-known conjugate gradient method with
a projection method. The global convergence of the method is established by assuming that
the operator under study is Lipschitz continuous and monotone. Numerical experiments are
performed to show the efficiency of the algorithm in comparison with some existing works,
specifically, the algorithms proposed in [20] and [33]. The numerical results reported in this
work have proved that the proposed algorithm is more efficient than the ones proposed in
[20] and [33]. Furthermore, the proposed algorithm is applied in signal recovery problems,
and the recovery result is compared with the PCG and CGD methods proposed in [21] and
[30] respectively. The proposed algorithm is shown to recover the distorted signal with less
MSE, number of iterations as well as CPU time, proving its effectiveness over the compared
algorithms.
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1. Introduction

Let H be a Hilbert space and Ci, ..., G, are closed convex subsets of H with nonempty
intersection ﬂf’;l C;. Finding a point at the intersection of convex sets is a challenge in
mathematics and physical sciences. The problem is known as a convex feasibility problem,
and it is defined as follows:

m
Find a point x € m G.

i=1
A point x solving this problem is said to be a feasibility point. The projection algorithm,
in which each iterative step is to project onto an individual set corresponding to a control
sequence (see, for example, [7] for the definition of the control sequence), is one of the
most widely studied methods for determining such feasibility points. For more information,
see [4, 3, 13, 12, 28, 22, 2] and the references therein. Convex inequalities [17, 18], convex
minimization problems [32, 26, 31], medical imaging [8] and computerized tomography [24, 1]
are some of the applications of the projection method.
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Feasibility Problems on Hadamard Manifolds, Nonlinear Convex Anal. & Optim., Vol. 1 No. 1, 2022, 25-45.
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Many nonlinear problems, such as fixed point theory, convex analysis, variational in-
equalities, equilibrium problems, and optimization problems, have been extended from linear
spaces to the setting of manifolds in the last decade because the problems cannot be posted
in linear space and necessarily require a Riemannian manifold structure, see for examples
[30, 19, 23, 15, 5, 11, 27, 20, 10] and the reference therein.

Returning to the convex feasibility problems, Bauschke et al. [4] proposed the following
general procedure with an initial point xg € H in Hilbert spaces:

Xpt1 = (1 — ap)xn + ap Zugn) T,-(n)(x,,), Vn e N, (1.1)
i—1

where each «a,, € [0, 2] is a relaxation parameter, {,ugn) :1,...,m} C[0,1] is weight satisfying
> ,u(") =1, and each T,-(") : H — H is a firmly nonexpansive satisfying FixT,-(") 2 G.

Some works [7, 16, 21] discuss the case where the weights {u(-")} satisfy the condition that

(n)_ o ]_Y IfI:’nv
wi = 0i,i = { 0, otherwise,

where {i,}22, is a so-called control sequence, and each T,-(") is the projection onto a hyperplane
separating C;, from x,. Censor [9] proposed the cyclic subgradient projection algorithm for
the case where each convex is given as a sublevel set of a convex function, i.e., the algorithm
uses weights {u,(-")} satisfying the following condition

(n) ._ { 1, if i=n(mod m)+1, (1.2)

Hi 0, otherwise,

and each T,.(") is the projection operator of the corresponding subgradient. In the Hadamard

manifolds, Wang et al. [30] extended the cyclic method (1.1) using the weights {ME")}
satisfying the condition (1.2). The following is the Riemannian version of the cyclic algorithm:

Algorithm 1.1. Let M be an Hadamard manifold and xg € M be an initial point. Define
Xn+1 by

Xpi1 = €XP, QtpEXP) " T,-(n")(x,,), VneN, (1.3)
where T,-(n") : M — M be a family of firmly nonexpansive mapping, {a,} C (0,2) is a
relaxation parameter sequence, and set i, = n (mod m)+1. The authors [30] also established
that Algorithm 1.1 is convergent and linearly convergent in Hadamard manifolds.

The goal of this paper is to extend the cyclic algorithm (1.3) to two-step projection
cyclic algorithms on Hadamard manifolds, as motivated and inspired by the previous efforts.
Furthermore, we show that Algorithm 3.1 is convergent under certain conditions. We show
that this approach is linearly convergent when the algorithm is linearly focusing and the family
of convex sets is linearly regular. On the Poincar’e plane, a numerical example is shown.

The rest of this paper is organized in the following: Section 2, we give some basic concept
and fundamental results of Riemannian geometry. For solving convex feasibility problems, the
two-step cyclic algorithm is described in Section 3. Furthermore, we show that any sequence
generated by the proposed method converges to feasibility points. The linear convergence of
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the two-step projection cyclic projection algorithm is given in Section 4. Finally, Section 5 gives
a numerical example of our method for approximating convex feasibility problem solutions on
the Poincaré plane.

2. Preliminaries

In this section, we recall some fundamental definitions, properties, useful results, and no-
tations of Riemannian geometry. For more information, readers can consult several textbooks
[25, 14, 29].

Let M be a connected finite-dimensional manifold. For p € M, we denote T, M the tangent
space of M at p which is a vector space of the same dimension as M, and by TM = UpeM ToM
the tangent bundle of M. We always suppose that M can be endowed with a Riemannian

metric (-, -)p, with corresponding norm denoted by || - ||,, to become a Riemannian manifold.

The angle Z,(u, v) between u,v € T,M (u,v # 0) is set by cos Z,(u, v) = m. If
pliVilp

there is no confusion, we denote (-,-) := (-, -)p, || - || := || - ||, and Z(u, v) := Zp(u, v). Let

v : [a, b] = M be a piecewise smooth curve joining v(a) = p to y(b) = g, we define the
length of the curve «y by using the metric as

L(y) = / I (£)]dt,

minimizing the length function over the set of all such curves, we obtain a Riemannian distance
d(p, g) which induces the original topology on M.

Let V be a Levi-Civita connection associated to (M, (-,-)). Given v a smooth curve, a
smooth vector field X along  is said to be parallel it V., X = 0, where 0 is the zero section

of TM. If 4" itself is parallel, we say that v is a geodesic, and in this case ||7/|| is a constant.
When ||y || = 1, then ~ is said to be normalized. A geodesic joining p to g in M is said to be
a minimal geodesic if its length equals to d(p, q).

A Riemannian manifold is complete if for any p € M all geodesic emanating from p are
defined for all t € R. From the Hopf-Rinow theorem we know that if M is complete then
any pair of points in M can be joined by a minimal geodesic. Moreover, (M, d) is a complete
metric space and every bounded closed subset is compact.

Let M be a complete Riemannian manifold and p € M. The exponential map exp,, :
ToM — M is defined as exp, v = 7,(1, x), where 7(:) = 7,(:, x) is the geodesic starting
at p with velocity v (i.e., 7,(0,p) = p and ~,(0,p) = v). Then, for any value of t, we
have exp,tv = 7,(t,p) and exp,0 = 7,(0,p) = p. Note that the exponential exp, is
differentiable on T, M for all p € M. It well known that the derivative D exp,(0) of exp,(0)
is equal to the identity vector of T,M. Therefore, by the inverse mapping theorem, there
exists an inverse exponential map exp™! : M — T,M. Moreover, for any p, g € M, we have
d(p. q) = |lexp,* qll.

A complete simply connected Riemannian manifold of non-positive sectional curvature is
said to be an Hadamard manifold. Throughout the remainder of the paper, we always assume
that M is a finite-dimensional Hadamard manifold. The following proposition is well-known
and will be useful.

Proposition 2.1. [25] Let p € M. The exp, : T,M — M is a diffeomorphism, and for any
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two points p, g € M there exists a unique normalized geodesic joining p to q, which is can be
expressed by the formula

Y(t) = exp, texp,'q, Vte0,1].

This proposition yields that M is diffeomorphic to the Euclidean space R". Then, M has same
topology and differential structure as R"”. Moreover, Hadamard manifolds and Euclidean
spaces have some similar geometrical properties. One of the most important proprieties is
illustrated in the following propositions.

A geodesic triangle A(p1, p2, p3) of a Riemannian manifold M is a set consisting of
three points p;, p» and p3, and three minimal geodesics ; joining p; to pj+1 where i =
1,2,3 (mod3).

Proposition 2.2. [25] Let A(p1, p2, p3) be a geodesic triangle in Hadamard manifolds M.
For each i = 1,2,3 (mod3), given +; : [0, /] — M the geodesic joining p; to pi11 and set
li == L(vi), ai = £(7;(0), =71 (li-1)). Then

a1 +as +az <, (2.1)
P4 12y — 2l cos g < 124 (2.2)

In the terms of the distance and the exponential map, the inequality (2.2) can be rewritten
as

d*(pi, pit1) + d*(pit1, piv2) — 2(exppt, pivexpyt piv2) < d*(pio1, pi), (2.3)
where (exp, !, pi,expy !, pir2) = d(pi, piy1)d(pit1, pisa) COS i1

The following relation between geodesic triangles in Riemannian manifolds and triangles
in R? can be referred to [6].

Lemma 2.3. [6] Let A(p1, p2, p3) be a geodesic triangle in M. Then there exists a triangle
A(P1, P2, P3) for A(p1, p2, p3) such that d(p;, piv1) = || — Pitil|, indices taken modulo 3;
it is unique up to an isometry of R?.

The triangle A(p1, P2, P3) in Lemma 2.3 is said to be a comparison triangle for A(p1, p2, p3)-
The geodesic side from x to y will be denoted [x, y]. A point X € [p1, p2] is said to be a
comparison point for x € [py, pa] if ||[X — 1| = d(x, p1). The interior angle of A(p1, P2, P3)
at Py is said to be the comparison angle between B; and p3 at pr and is denoted Z5 (P2, P3)-
With all notation as in the statement of Proposition 2.2, according to the law of cosine, (2.2)
is valid if and only if

(P2 — P1.P3 — Pr)re < (exp,' p2, exp,’ p3) (2.4)

or,
a1 < Zp(P2, P3)

or, equivalent, A(py, p2, p3) satisfies the CAT(0) inequality and that is, given a comparison
triangle A C R? for A(py, p2, p3) for all x,y € A,

d(x,y) < [x =¥l (2.5)

where X,y € A are the respective comparison points of x, y.
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Definition 2.4. A subset Q is said to be geodesic convex if for any two points p and g in
Q, the geodesic joining p to g is contained in Q, that is, if v : [a, b] = M is a geodesic such
that p = v(a) and ¢ = y(b), then v((1 — t)a+ tb) € Q for all t € [0, 1].

Definition 2.5. A real function f defined on M is said to be geodesic convex if for any
geodesic v of M, the composition function f o : [a, b] — R is convex, that is,

(foy)(ta+ (1 —t)b) < t(fory)(a)+ (1 —t)(fov)(b)
where a, b € R, and t € [0, 1].

Proposition 2.6. [25] Let d : M x M — R be the distance function. Then d is a convex
function with respect to the Riemannian metric, that is, for any pair of geodesics 1 : [0, 1] —
M and v, : [0, 1] — M the following inequality holds for all t € [0, 1]

d(7(t),72(1)) < (1 = 1)d(11(0)72(0)) + td(72(t), 72(2))-

In particular, for each p € M, the function d(-, p) : M — R is a geodesic convex function.

A nonempty, closed geodesic convex set in M shall be denoted by @ from here on. Let
T : Q@ > M be a mapping. We say that T is nonexpansive if for any two points x,y € @
such that

d(T(x), T(y)) < d(x,y).
Let F(T) denote the set of all fixed points of T, i.e.,

F(T)={xe€Q: T(x)=x}.

The definition of firmly nonexpansive mappings on Hadamard manifolds was introduce by
Li et.al. [23].

Definition 2.7. [23] Let T : @ — M be a mapping. Then T is said to be firmly nonexpansive
if for any x, y € Q, the function o : [0,1] — [0, +00] defined by

o(t) : d(exp, texpy ' T(x), exp, texp, ' T(y)), Vtel[0,1],
is nonincreasing.

By definition, it easy to see that any firmly nonexpansive mapping T is nonexpansive.

Next, we follow the definition of a distance function d(-, Q) : M — R and a projection
operator Pg(-) : M — Q, which are defined for every x € M by

d(x, Q) := ylgg d(x,y)
and

Po(x) :={z:d(x,z) <d(x,y), VyeQ},

respectively. The projection operator Pg is firmly nonexpansive as described in the following
proposition.

Proposition 2.8. [23] Let Q C M be a nonempty, closed and convex set. Then the following
assertions holds:
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(i) Pq is single valued and firmly nonexpansive;
ii) For every x € M, z = Po(x) if and only if
Yy Q y
(exp; 1 x,exp;ty) <0, Vye Q.

We end this section with the following crucial results.

A sequence {x,} is said to br Fejér monotone w.r.t. Q if for all x € Q and n € N,
d(Xnt1, X) < d(xn, x).

The following lemma provides some properties of Fejér monotonicity sequences that are useful
for establishing convergence and linear convergence results.

Lemma 2.9. [30] Let {x,} C M be a Fejér monotone sequence w.r.t Q. Then the following
conditions hold:

(i) {xn} is bounded, and, lim,_ 1o X, = x if x is a cluster point of {x,} and x € Q.
(i) Let a > 0 be such that
ad®(xn, Q) < d*(xp, Q) — d*(xn41,Q), VneN. (2.6)
Then {xn} converges linearly to a point x in Q:

d(xn, x) <2(V1—0a)"d(x,Q), VYneN. (2.7)

3. Two-step Cyclic Algorithm and Its Convergence

In this section, we introduce an iterative method for solving convex feasibility problems in
the setting of Hadamard manifolds.

We first recall the concept of convex feasibility problem in Hadamard manifolds. Let
I:={1,2,...m} and {C; : i € I} be a family of nonempty closed geodesic convex subset of
M. Then the problem is to find

m

x"eC=[)G, (3.1)

where C is assumed to be a nonempty set. Set i, := n (mod m) + 1 and let {T,(")} be a
family of firmly nonexpansive mappings from M to itself satisfying

F(T")2G, vnen

The multi-step cyclic algorithm is defined as follows:

Algorithm 3.1. Let xg € M be an initial point and define a sequence {x,} by

Xnt1 = eXpPy Qp eXp;,,l Ti(nn) (vn) (3.2)
Yn = exp, Bn exp;n1 T,-En)(x,,), VneN, .

where {a,}, {Bn} C (0,1) are relaxation parameter sequences.
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The following lemma is required to prove our main convergent theorem.

Lemma 3.2. Let {x,} be a sequence generated by Algorithm 3.1 and x € C := (., C.
Then the following assertions hold for all n € N

(i)

B (11, 50) < (85 5) — B i1, ). (3.3)

— Qg

(i) The sequence {x,} is Fejér monotone w.r.t C. If furthermore

InlmJlrr;(f) an(l—ap) >0, (3.4)

then
n—llT d(Xnt1, Xn) = 0, (3.5)

and
lim inf 81 = B5) > 0, (3.6)

then
im d(xa, yn) = 0. (3.7)

Proof. (i) Fix n € N, let x € C and v, : [0, 1] = M be geodesic joining x, to T, (x,,) Thus,
(3.2) can be written as y, = v,(8,). By using geodesic convexity of Riemannian distance, we

get

dlynx) = d((5n). %)
< (1= 8)d00, ) + Bud (T (). Ti7())
S (l_ﬁn)d(xm )+ﬁn (Xn, )

d(xp, x). (3.8)

Let A (x,x,,, T,-("")(y,,)> C M be a geodesic triangle with vertices x, x, and T,-in)(y,,), and

1,

A (?, Xn, T-(n")(xn)) C R? be the corresponding comparison triangle. Then, we have

,and

d(x, %) = < =% d (xm T,-‘n”><yn)) = [ - 7700

o (Ti0n)x) = [70m =]

Recall from (3.2) that x,11 = exp, a,exp;! T,-a")(y,,), then

(3.9)

o1 = (1 — ap)Xp + an T,-E")(y,,).

In view of (2.5), we have
A1, X) < Koz — X1 (3.10)
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From expression (3.9), yields

IN

d2(Xn+1vX) [[Xn+1 _Y”2

- "(1_an)7n+anm_y“2
- ”(1_an)(7n_y)+a”(m—})“2

2 2
T 0n) ~ x|~ an(1 —an)

o= T (yn)
= (1 —an)d?(xp x) + an,d? (ﬂg")(y,,),x) — (1 — a,)d? (x,,, T,.(n")(y,,)>

< (1= ap)d?(xo, X) + nd? (Y x) — an(1 — an)d? (X,,, T.(")(y,,)> . (3.11)

In

= (- an)x—x]? +an

Since xp11 = exp, a, exp;n1 T,-("")(y,,), then

d(Xpi1, Xn) = atnd (X,,, T.(")(y,,)> . (3.12)

In

Substituting (3.8) and (3.12) into (3.11), we have

1- n
d*(xpi1,x) < (1= an)d?(Xp, X) + and?® (xn, x) — wdz (Xn+1, Xn)
%
1- n
TN k) I T (3.13)
Qp

and we further have

A (xps1, %) < 1 f‘"a (d%(xm, X) — d%(Xns1, X)) (3.14)
As a result, condition (i) holds.

(ii) From (3.14), we have
P i) < g d00x) oA ),

which implies that

lf"and2(xn+1,><) < 1f"and2(x,,,x)—d2(x,,+1,x,,)
«
< " d?(x,, x).
- l-a, (xn )

Thus, d(Xpt1, X) < d(xs, x) for all n € N, which means that {x,} is Fejér monotone w.r.t. C.
Next, we show that lim,_ oo d(Xpt+1, Xn) = 0. Suppose that (3.4) holds. Then there exists
N € N and € > 0 such that «,(1 — «,) > € for each n > N. Furthermore, we can verify that

Qp

<

a |

., Vn>N.
1— o, n=
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From (3.14), we have

1
d2(x,,+1,x,,) < (d (Xn, x) — d2(x,,+1,x)), Vn> N.

Since {x,} is a Fejér monotone w.r.t. C, it follows that lim,_, . d(x,, x) exists. By letting
n — oo to the last inequality, we can have lim,_, ;oo d(Xpt1, Xn) = 0.

Assume that (3.6) holds. Now, we show that lim,_, o d(x,, ¥n) = 0. Fix n € N, let
A (X,X,,, T.(n")(x,,)) C M be a geodesic triangle with vertices x, x,, and T( )( Xn), and let

1,

AN (?, Xn» T.(")(x,,)) C R? be the corresponding comparison triangle. Then, we obtain

In

d(x,x) =[x~ %, d (xn, T0m)) = [ = T80 | and
N (3.15)
o(100.5) = [T -]
Recall from (3.2) that y, = exp,_ A, exp;nl T{”(x,) and set
= (1= Ba)%s + Ba T ().
In view of (2.5) and (3.15), yields
d*(ynx) < [va—%|?
= "(1*5n)7n+5nm*7"2
- H(l—ﬁn)*—x)wn(m—x)u
= (1= BT —XI? + 8, T >(xn —xH Bt~ ) [~ TG
= (1= Ba)d(m %) + Bad® (T (50), x) = Ba(1 = B} (30, T (x0)
< (1= Ba)d 0, %) + Bad? (xn, X) = BalL = Ba)d? (30, TE (xn))
= &%) = Bal1 = Bl (s T (x0)) (3.16)

Since y, = exp, Bnexpy ! T,g") (xn), we deduce that
d(xn, yn) = ad (X0, TV (x0) ) (3.17)
Substitution (3.17) into (3.16), we get
d*(yn, x) < d*(xa,x) =
By combining (3.11) and (3.18), we have
(1 - an)dz(xnv X) + and2()/nv X)
2 2 (1—5n) »
(1 - an)d (X,,,X) + ap d (Xn,X) - Td (Xnv)/n)

62 (s x) — Wd%xn,yn),

(1 — Bn)

2 X . .
5, (xnyn) (3.18)

IN

d2(X’7+1v X)

IN
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and we further have

B
an(l - Bn)

Since (3.6) holds, then there exists N € N and 1 > 0 such that a,8,(1 — $8,) > n for all
n > N. It is easy to check that

d® (%, yn) < (d(xn, ) = d*(Xns+1, X)). (3.19)

Bn 1
—_—— <=, VYn>N.
an(l=5s) ~
From (3.19), implies that

1
d?(xn, yn) < E(d2(xn,x) — d*(xp41, %)), Vn>N.

Recall that {x,} is Fejér monotone w.r.t. C so that lim,_, . d(x,, x) exists. Hence, from
the above inequality, we have lim,_, ;o d(xs, y») = 0. The proof is therefore completed. 1

Following the definitions of focusing algorithm and linearly focusing algorithm, we will
prove that the sequence {x,} generated by Algorithm 3.1 converges to a point in C.

Definition 3.3. [4] An algorithm is said to be
(i) focusing if for all j € I and every subsequence {x,, } of {x,},

Xp, —> X
d(xne, T (%0,)) 0 p =>x € G; (3.20)
fn, =j forall k € N.

(i) linearly focusing if there is A > 0 such that

Ad(xa, G,) < d(xa, V) for all n € N, (3.21)
where {x,} is a sequence generated by Algorithm 3.1 and C,-(n") is a closed geodesic convex
nonempty set containing C; .

Every a linearly focusing algorithm is a focusing algorithm.

Remark 3.4. [30] In the case when the sequence {T-(n”)} of firmly nonexpansive mappings

satisfies that F(T;,) = G, and T,(") = T, for all n € N, the algorithm is linearly focusing; in

n

particular the algorithm is linearly focusing when T,.("") = Pc, forall neN.

We can now present the main result as follows.

Theorem 3.5. Let {x,} be a sequence generated by Algorithm 3.1. Assume that Algorithm
3.1 is focusing and {a,}, {Bn} satisfy (3.4), (3.6), respectively. Then the sequence {x,}
converges to a point in C.
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Proof. As a consequence of Lemma 3.2, {x,} is Fejér monotone w.r.t C and is bounded by
Lemma 2.9. Thus there exists a subsequence {x,, } of {x,} such that limy_, 1 xp, = x* € M.
We shall verify x* € C in this proof.

Noting the definition of {i,, }, without loss of generality we suppose that i, = m for all
k. Let j € I and consider the subsequence {xp,4;}72,. From (3.5), we have

lim Xxp,4; =x" and ip4j=j. (3.22)
k—o00

Because {3,} C (0,1) then {8,} is bounded below by some positive numbers. In view of
(3.17) and the fact that lim,_, o d(xn, ¥n) = 0, we get
lim d(x 4 T-(nk+j)(x +)) = lim id(x Ty Yieti)
ks 00 MerJjr 7§ i) k—-too N n+jr Yne+j

= 0.

This, together with (3.22), yields that x* € C; since Algorithm 3.1 is focusing. Therefore,
x* € C as j € [ arbitrary. Moreover, by Lemma 2.9, lim,_, 1 X, = x* as required. The proof
is therefore completed.

|
According ot Remark 3.4, we can have the following corollary.

Corollary 3.6. Suppose that T,(") := Pc;, and {«,}, {Ba} satisfy condition (3.4) and (3.6),

n

respectively. Then any sequence {x,} generated by Algorithm 3.1 converges to a point in C.

Proof. From Proposition 2.8, Pc, is firmly nonexpansive for any i € /. Furthermore, Algorithm
3.1 is focusing by Remark 3.4. Follows from the proof of Theorem 3.5, and is thus omitted. i

4. Linear convergence of Two-step Cyclic Projection Algorithm

In this section, we discuss the linear convergence of the Algorithm 3.1 where each T,(") is

n

the projection onto some closed convex nonempty set C,(n") containing C; , i.e.,

T\ = Py and C” 2 G

in n?

Vn e N. (4.1)

Next, let us present the concept of linear convergence.

Definition 4.1. Let {x,} C M such that {x,} converges to a point x € M. Then, the
convergence is said to be linear convergence if and only if there exist a constant § < 1 and a
positive N € N such that

d(xn, X) < 0d(x5-1,x), Vn>N.

For establishing the linear convergence results, we need the definitions of linear regularity
and bounded linear regularity.

Definition 4.2. [30] A family {C; : i € I} is called
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(i) linearly regular if there exists 7 > 0 such that

d(x, C) < Tmalx{d(x, CH} (4.2)

ic
for all x € M.

(ii) bounded linearly regular if, for any bounded subset S C M, there exist 75 > 0 such that
(4.2) holds for any x € S with 7 = 7s.

Next, we present and prove the linear convergence theorem for the two-step cyclic projec-
tion algorithm.

Theorem 4.3. Let {x,} be a sequence generated by Algorithm 3.1. Suppose that Algorithm
3.1 is linearly focusing, the family {C; : i € I} is bounded linearly regular, and the conditions
(3.4) and (3.6) hold. Then {x,} converges linearly to a point x € C.

Proof. Lemma 3.2 and Theorem 3.5 are applicable according to the assumptions. Then, {x,}
is Fejér monotone w.r.t. C and converges to a point x € C. Next, we show that subsequence
{xkm } 125 converges linearly, i.e. there is some v > 0 and 6 € (0, 1) such that

d(Xkm, x) < 0%, Vk € N, (4.3)

To verify (4.3), without loss of generality, since (3.4) holds, then there exists € > 0 such that

an(l—ap)>e>0, VYneN. (4.4)
This implies that
a1 oypen (4.5)
1—a, ~ €' ' '

Let i € I and k € N. It is easy to see that
d(kay ka+i) < d(ka+j, ka+j+1)-

From the last inequality, we get

IA

m—1 2
d2(ka, ka+i) S ( 1. d(ka-‘rj! ka+j+1)>

m—1
12) <Z d?(Xkmj» ka+j+1)>
=0 =0

= m d? (Xkm-j» Xkm-j+1)-

Substitution (3.3) into the last inequality, we obtain

m—1

_—
o (Xm, Xkmi) < MY %(Oﬂ(kaﬂyz) — d*(Xim-j+1, 2))
j=0 k-t
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for any z € C, and it follows from (4.5),
m
dz(kakam+i) < :(d2(kav C) - dQ(X(kJrl)mv C)) (46)

Similarly, from (3.6) holds, then there exist 77 > 0 such that

anBn(l—B,) >n>0, VneN. (4.7)
This implies that
b 1 ypen (4.8)
an(l=8,) ~ 1’ ' '
We also have
1 1 1 an(1-8,) 1
— < <o ypeN. 4.9
anBa(l = Bn) ~ m Bn n n (49)
For i € I and k € N. It easy to see that
m
d(Xkm-ti» Yemti) < Z d(Xmjr Yim+j)-
j=1

Following from the above inequality, we obtain

. 2
A iy Yemsi) < (Z 1. C/(ka+j,}/km+j)>

j=1

(Z 12) (Z d? (Xkm-+j» Ykm+j)>

Jj=1 Jj=0

IN

m

= mzd2(ka+j,ykm+j).

j=1

In view of (3.19), we conclude that

m
Bkm«k'
d? (Xkme+i2 Ykmi) < m e d?(Xkmai, 2) — d*(Xemyjs1, Z
(Xkm-+i2 Yiem+i) < ;akm—}—j(]-_ﬁkm—}—j)( (Ximj» 2) = d° (Xkmej+1. 2))

for any z € C. Summing up the last inequality and applying (4.8), we get

m
A (Ximevis Y1) < g(dz(ka, C) — d*(X(kt1)m: C)). (4.10)

From algorithm is linearly focusing, there exists A > 0 (independent of i and k) such that

A (xmis G) < d (ka,-, C,‘k"’“)) . (4.11)
In view of (3.2) and (4.1), we get
(X, G™0) = d (ki T ()
1

= ——d(Xkmtis Yam+i)- (4.12)
ﬁkm+i
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Substitution (4.9) and (4.10) into the last inequality,

d*(xkm+i, G) < ﬁ T(dz(ka, C) — d*(Xkt1ym C))
km+i L7
< A%g (d2(xem, €) = d*(xx1)m: €)) - (4.13)
Consider,
d?(Xum, Ci) (d (Xt Xkm+i) + d(Xemir G7))?

<
< 2d2(ka,ka+,') + 2d2(ka+,', C,) (4.14)

By combing (4.6), (4.13) and (4.14), we obtain

2m 2m

From the fact that the family {C; : i € I} is bounded linearly regular and {x,} is bounded,
then there exists 7 > 0 such that

d(x,, C) < Tmalx{d(xn, G)}, VneN
1S

Thereby,

d*(Xkm, C)

IN

szg,x{d2(><km. G)}

IN

2m 2m
- (e + )\2173> (d?(xm, €) = &*(X(k1)m: €))-

The subsequence {xim},25 is linearly converges to x € C by using (ii) of Lemma 2.9. This
implies that (4.3) holds. Fix n € N, and set

n=km+r wherere{0,1,..,m—1}.
Then we conclude

1

d(%n, x) < d(xm, x) < (7)) = =
and complete the proof. [ |

We obtain the following corollary from Remark 3.4 and Theorem 4.3 in the spacial case
when C") = C;, in (4.1) for all n e N.

Corollary 4.4. Let {x,} be a sequence generated by the two-step cyclic projection algorithm.
Suppose that conditions (3.4), (3.6) hold, the family {C; : i € I} is boundedly linearly regular.

Suppose further that, for all n € N, C,-(n") = Gip in (4.1). Then {x,} converges linearly to a
point in C.
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5. Numerical Example

In this section, we provide a numerical examples in Hadamard manifolds to illustrate the
convergence behavior of Algorithms 3.1. All the programs are written in Matlab R2016b and
computed on PC Intel(R) Core(TM) i7 ©1.80 GHz and a 8 GB 1600 MHz DDR3 Mem-
ory.

Let M = H := {(t1, t2) € R? | t, > 0} be the Poincaré plane endowed with the Riemannian
metric defined by

1
811 = 82 1= 5. 812 1= 0 for any (ty, tp) € H. (5.1)
2
The sectional curvature of H is equal to —1 and the geodesics of the Poincaré plane are the
semilines v, : t; = a,t, > 0 and the semicircles ~p, , : (t; — b)2 + t22 =r2 t, > 0; or admit
the following natural parameterizations

Ya - t1 =a, bh = es, s e (—OO,—f—OO)'

s € (=00, +0); (52)

br . t1 = —rtanhs, th = ,
Vb cosh s

see e.g., [29]. Furthermore, consider two points y = (t{, t3) and z = (t, t) in H. Then the
Riemannian distance between y, z is given by

Int—é , if tf =tf,
BoA= | Flber g,
where Y\2 Y\2 z)2 z\2
p— () +(t22)(t1y‘_((:1;)) B g r=(g - bR+ (B)2.

To get the expression of e><p;1 z, we consider a smooth geodesic curve 7y joining y to z defined
by
v(s) = (m(s).2(s)), s €0,1]

where for each s € [0, 1], 71(s) and 72(s) are respectively defined by

ty, if tf = tf,
= b—t] —tf
7(s) b — rtanh ((1 — s) - arctanh L 4 s-arctanh 1 ) ,if 1] #
r r
and
e(1=s)In 3 +s-In tzzy if tiv — tlzv
r .
Ya(s) = if tf # tf.

b—t/ b—tf\’
cosh ((1 —s) - arctanh L + s-arctanh 1 >
r r

By the Riemannian metric endowed on H (c.f. (5.1)), one checks that

7' (0) = ((hjis) Mis))

s=0
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see [14], page 7. Therefore, by elementary calculus, we get that

tZ .
0,2, if t = tf,
t

-1 ! y z
exp, - z=7(0) = b—t b—t
Py 7 (0) 74 (arctanh L _arctanh L

r r

>(t{,b— t)), if tf £ tf.
(5.3)

Example 5.1. Follows from [30], the Example 5.1: Let M = H? and C;, G, be closed convex
subsets of M defined as
G = {(tl, l'2) EM:t, > 1}

and
G = {(tl, tbeM: t12 + t22 < 1)}

From [29], page 301, C; and G, are convex because that C; is level set convex function
f: M — R defined by

1
fly) = o Vy € (t1, ) e M

and v :={(t1,r) € M : t;+t, = 1} is a geodesic of M, receptively. Moreover C = GGN G =

{(0,1)},
Po.(x) = (t,1), ¥x = (t.0) ¢ G

2ty 2t
P =|5—F—\/1- | 57— f = (ty, t G.
() (tf+t§+1’\/ <t12+t22+1>> orany x = (t1,12) ¢ G

We implement the projection algorithm to find x* = (0,1) € C; N G which is defined as:
Choose xg € M and defined x,1 by

and

xni1 = exp,, anexpyt T (y,)

Yn = exp, Bnexpy’ T,(n") (xa), VneN,
where i, := (n mod 2) +1 and {a,}, {8s} € (0,1) are constants. The numerical results are
listed in Table 1 and Table 2 with an initial point xo = (1, 1) and xg = (3, 2), respectively; and
each one shows the results for three different constant relaxation parameters, o, = 0.3,0.6,0.9
and 8, = 0.3,0.6,0.9, respectively. Moreover, the numerical results displayed on Figure 1
and Figure 2 which depicts the " Distance to Solution” versus “lteration Number". The nu-
merical results show the convergence tendency of the algorithm as predicted by Theorem 3.5;
furthermore, we observe that the bigger the relaxation parameters «, and 3,, the faster the
algorithm converges.
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Table 1. The comparison of Projection Algorithm for the initial point is xo = (1,1) with
relaxation parameters o, and f3,.

Iteration No.

Initial point xo = (1,1)

an=023B,=03

an =06, B, =06

an =09, 8,=09

O OO0 ~NOOCTL P~ WN -

—
o

50

100

(0.962023, 0.980092)
(0.962023, 0.981867)
(0.928696, 0.962795)
(0.928696, 0.966086)
(0.899310, 0.947932)
(0.899310, 0.952505)
(0.873262, 0.935291)
(0.873262, 0.940939)
(0.850044, 0.924649)
(0.850044, 0.931191)

(0.630933, 0.904178)

(0520102, 0.933159)

(0.857514, 0.914993)
(0.857514, 0.944729)
(0.773302, 0.878510)
(0.773302, 0.920445)
(0.716982, 0.867794)
(0.716982, 0.913244)
(0.675205, 0.869113)
(0.675205, 0.914132)
(0.641820, 0.875387)
(0.64182, 0.918349)

(0.382564, 0.970729)

(0.284848, 0.983952)

(0.715276, 0.796372)
(0.715276, 0.957661)
(0.609786, 0.835884)
(0.609786, 0.966513)
(0.542662, 0.870441)
(0.542662, 0.973981)
(0.494071, 0.893398)
(0.494071, 0.978810)
(0.456705, 0.909423)
(0.456705, 0.982122)

(0.232119, 0.995622)

(0.167478, 0.997740)

0.5

Distacnce to Solution
L=
IS

o
w

0.2

—h— o =03,06,=03
—4—,=06,6,=06

—=— 0, =09,6,=09

40

50

Iterations Number

100

Fig. 1. Distance to solution x* = (0, 1) of each iteration number where the initial point is

X0 = (1, 1)
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Table 2. The comparison of Projection Algorithm for the initial point is xg

relaxation parameters o, and f3,.

Iteration No.

Initial point xo = (3,2)

an=023B,=03

an =06, B, =06

an =09, 8,=09

O OO0 ~NOOCTL P~ WN -

—
o

50

100

(2.694926, 1.972871)
(2.694926, 1.855837)
(2.413940, 1.912864)
(2.413940, 1.804398)
(2.162268, 1.832029)
(2.162268, 1.734876)
(1.941625, 1.740411)
(1.941625, 1.655744)
(1.751247, 1.645610)
(1.751247, 1.573466)

(0.708503, 0.918746)

(0.552972, 0.924655)

(1.842587, 1.799538
(1.842587, 1.456475
(1.227856, 1.354538
(1.227856, 1.214357
(0.947803, 1.084283
(0.947803, 1.053153
(0.811160, 0.957026
(0.811160, 0.972280
(0.733998, 0.903834
(0.733998, 0.937339

— N N N N

(0.395949, 0.968588)

(0.290245, 0.983330)

(0.784290, 1.157324)
(0.784290, 1.028150)
(0.617482, 0.850046)
(0.617482, 0.969603)
(0.546490, 0.869407)
(0.947803, 1.053153)
(0.496873, 0.892178)
(0.496873, 0.978556)
(0.458905, 0.908521)
(0.458905, 0.981937)

(0.232401, 0.995611)

(0.167584, 0.997737)

Distacnce to Solution

Fig. 2. Distance to solution x* = (0, 1) of each iteration number where the initial point is

X0 = (2, 3)

X, =(3,2)

T

—h— o =03,5, =03
—4—,=06,6,=06

—=— 0, =09,6,=09

40

50

Iterations Number

90

100

(3,2) with
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In this work, we propose a family of conjugate gradient projection method Keywords:

for nonlinear monotone equations with convex constraints. Under some ap- non-linear equations;

propriate assumptions, the global convergence of the method is established. nonotone equation;

Numerical examples reported shows that the method is competitive and ef- projection method;

ficient for solving monotone nonlinear equations. Furthermore, we apply compressive sensing
the proposed algorithm to solve the sparse signal reconstruction problem MSC

in compressive sensing. 65K05; 90C52; 90C56

1. Introduction

Consider finding a point x € Q such that
F(x) =0, (1.1)

where F : R" — R" is continuous and monotone, thatis, (F(x)—F(y),(x—y)) >0, Vx,y € R",
Q C R" is nonempty and convex. The corresponding unconstrained problem when Q = R” have
been discussed extensively, and many iterative methods have been proposed by many researchers.
Some examples are; Newton method, quasi-Newton method, Gauss-Newton, Levenberg-Marquardt
method and their variants (see[l, 5, 6, 17, 7, 9, 14, 15, 16, 19, 21, 22, 24, 27, 28]). With a good
initial guess, these algorithms are very attractive as they have fast convergence rate. However,
there are relatively scanty literatures on constrained problem (1.1).

Constrained problem (1.1) has so many practical applications, for example in chemical equi-
librium systems and economic equilibrium problems (see[20, 8]). lterative methods for solv-
ing constrained monotone nonlinear equations have recently receive relatively high attention
[18, 26, 34, 30, 32, 36, 33]. For example, in [26] Wang et al. proposed a projection method
which requires no differentiability and regularity conditions for solving (1.1). Numerical experi-
ments presented in the paper indicates the efficiency of the method. Ma and Wang [18] proposed
a modified extragradient method for solving constrained monotone equations. A spectral gradi-
ent approach and a projection technique was presented by Yu et al. [33] for convex constrained
problems. Using similar projection technique approach, Zheng [36] proposed a spectral gradient
method for constrained problems. Also, Yu et al. in [32] proposed a multivariate spectral gradient

This is an open access article under the Diamond Open Access.

Please cite this article as: A.l. Kiri and A.B. Abubakar, A Family of Conjugate Gradient Projection Method for
Nonlinear Monotone Equations with Applications to Compressive Sensing, Nonlinear Convex Anal. & Optim., Vol.
1 No. 1, 2022, 47-65.
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projection (SGP) for solving problems of the form (1.1). A remarkable property of these gradient-
type algorithms is that the direction does not depend on the gradient information, therefore can
be applied to solve nonsmooth equations. However, Xiao and Zhu [30] proposed a projected con-
jugate gradient (CGD) to solve constrained problems. This method can be viewed as an extension
of the CG—Descent method for solving convex constrained problems.

Motivated by these methods, we propose a family of conjugate gardient projection method
for constrained nonlinear monotone equations, which is an extension of the method of Feng et al.
[10] for solving convex constrained problems. The method possesses some properties, which are;
(1) the method is derivative-free which implies its applicability in handling nonsmooth equations;
(2) the global convergence was established without differentiability assummption and (3) it is
independent of any merit function.

The remaining part of the paper is organized as follows. Section 2 provides the proposed
method and its algorithm. Section 3 gives the global convergence and in Section 4 we report
numerical results to show its practical performance, and apply it to solve the sparse signal recon-
struction in compressive sensing.

2. Preliminaries and algorithm

In this section, we first give some basic concepts and properties. Let Q be a nonempty closed
convex subset of R”. Then for all x € R", its projection onto (2 is defined as

Pqo(x) = argmin{||[x — y| :y € Q}.

The map Pq : R” — Q is called a projection operator and has the nonexpansive property, that
is, for all x,y € R",

[Pa(x) = Pay)ll < lx =yl Vx,y € R". (2.1)
The following propositions [31, 35] give some basic properties of the projection operator Pq.
Proposition 2.1. Let Q C R" be nonempty, closed and convex. Then for all x € R" and y € Q,
(Pa(x) = x)"(y = Pa(x)) > 0.

Proposition 2.2. Let Q C R" be nonempty, closed and convex. Then for all x,d € R" and
a > 0, define x(c) := Pq(x — ad). Then d”(x(c) — x) is nonincreasing with respect to a > 0.

The following assumptions hold throughout this paper.

Assumption A (i) The solution set of problem (1.1) is nonempty. (ii) The function F is
Lipschitz continuous, that is there exists a positive constant L such that

IF(x) = F)II < Lllx =y, (2.2)
for all x,y € R".
Assumption (ii) implies there is a positive constant 7 such that
[FCa)ll <7 Vk=0. (2.3)

Now all is set to describe our proposed algorithm, which is an extension of the method in [10] to
solve convex constrained problems.
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Algorithm 1: Family of Conjugate Gradient Projection Method (FCG)
Step 0. Given an arbitrary initial point xg € R", parameters 0 < r <1, 7>0, o > 0,
t>0 p>0,e>0, and set k:=0.
Step 1. If [|[F(xk)|| < ¢, stop, otherwise go to Step 2.
Step 2. Compute

J —F (%), if k=0, 24)
k = Fxi) Tdy— . .
- (1 +m%) F(xk) + Brdk—1, if k>1,
where [y is such that
B < eFOOI gy sy s (25)
([ k1]l

Step 3. Find the trial point yx = xx + axdk, where o = pr'™ and my is the smallest
nonnegative integer m such that

— (FOa + prd), dic) = opr™||di]l- (2.6)
Step 4. If yx € Q and ||F(y«)|| < e, stop. Else compute the next iterate

Xk41 = PQ[Xk - CkF(Yk)]

where

Co= Fyi) " Ok = yi)
IF ()l

Step 5. Let k= k+ 1 and go to Step 1.

Remark 2.3. From the definition of di, we have

B ﬁkF(Xk)TF(Xk)F(Xk)Tdk,1

[Fogle O e = IR

(2.7)

(F(xk), di) = —F () T F (%)

which means the direction di is sufficiently descent.

Remark 2.4. Remark 2.3 together with the Cauchy-Schwartz inequality implies that ||dk| >
||F(xx)||- Furthermore, by (2.4) and (2.5), we get

(GO PN

IF
ekl < [IF )l + Bk FO)IP IF (il + 1Bkl ll i

< F G+ tlIF Call + £l F Gl

< (L +20)[[F (=)l

Therefore,
[Fall < Nldkll < (1 + 2¢)[|F(xk)

| Vk>0, (2.8)

which implies boundedness of the search direction.
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3. Convergence analysis

To prove the global convergence of Algorithm 1, the following lemmas are needed. The
following lemma shows that Algorithm 1 is well-defined.

Lemma 3.1. Suppose F is continuous, monotone and Assumption A (i) hold, then there exists
a step-length « satisfying the line search (2.6) Vk > 0.

Proof. Suppose there exists ko > 0 such that (2.6) does not hold for any nonnegative integer i/,
i.e.,
= (F(xic + pr'di), di) < opr'||dill.

Using Assumption A and allowing i — oo, we get
= (F(xk). diy) < 0. (3.1)

Also from (2.7), we have
= (F(xi). dio) = [IF(x) 1> > 0,

which contradicts (3.1). The proof is complete. |

The following theorem establishes the global convergence of Algorithm 1.

Theorem 3.2. Let F be continuous and monotone, then the sequence {x,} generated by Algo-
rithm 1 converges globally to a solution of (1.1).

Proof. We start by showing that the sequences {xx} and {yx} are bounded. Let x, be an arbitrary
solution of (1.1), then by monotonicity of F, we get

(Fyk) Xk = xi) = (F(y), Xk — yi)- (3.2)
Also by definition of yx and the line search (2.6), we have

(F(yk) xk — yi) > ooul|dk]|* > 0. (3.3)
So, we have

[xk1 — x[1* = [[Palxk — CGF (yi)] = x:l1? < IIxa — ChF (vi) — x|
=[xk = x> = 2C(F (i), xk — %) + I CF (i) II?
< e = xell? = 26(F (yie), xk — yi) + tlICF (v |12

(F(yi), Xk — yk)?

=l = xl® =
" IF (vl
HXk x ||2 _ UzainkH4
= ; . L AS
I[F(yi)ll*

Thus the sequence {||xx — x«||} is non increasing and convergent, and hence {xx} is bounded.
On the other hand (2.8) implies {dk} is bounded. Then, by yx = xx + axdk, the sequence {yx}
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is also bounded. Now, since F is continuous, there exists M > 0 such that || F(yx)|| < M for all

k. So, )
oo di|*

T (3.4)

s = xel|® < flxe = x|
and we can deduce that
lim akHdkH =0. (35)
k—00
If Iikm inf ||dk|| = 0, we have Iikm inf || F(xx)|| = 0. By continuity of F, the sequence {xx} has some
—00 —00

accumulation point x such that F(x) = 0. Since {||xx — x||} converges and x is an accumulation
point of {x}, it follows that {xx} converges to x.

If liminf ||dk|| > 0, we have liminf ||F(xx)|| > 0. By (3.5), it holds that lim «a) = 0. Using the
k—00 k—o0 k—00

line search (2.6), —F(xx+pr™-1dy) T di < opr™-1||dk||> and the boundedness of {xx}, {dk}, we
can choose a subsequence such that allowing k to go to infinity in the above inequality results

—({F(x).d) <0. (3.6)
On the other hand, from (2.7) we have
— (F(x).d) = |[F()II* > 0. (3.7)

Clearly, (3.6) contradicts (3.7). Therefore, Iikminf IIF (xx)|l > 0 does not hold and the proof is
—00

complete. [ |

4. Numerical Experiment

In this section, for convenience sake, we denote Algorithm 1 by FCG method. We also
divided this section into two. First we compare FCG method with CGD method [30] by solving
some monotone nonlinear equations with convex constraints using different initial points and
several dimensions. Secondly, the FCG method is applied to solve the ¢;—regularization problem
that arises from compressive sensing. All codes were written in MATLAB R2017a and run on a
PC with intel COREIi5 processor with 4GB of RAM and CPU 2.3GHZ.

4.1. Experiment on some convex constrained nonlinear monotone equations
FCG and CGD methods have same line search implementation. The specific parameters for

each method are as follows:

FCG method: p=1,r=05,06=0.01, t=1and 3 = |‘|‘Z£ik1)|}|.

CGD method: p=1, r =0.39, 0 = 0.0001.
All runs were stopped whenever
[IF(xi)l < 1072

We test problems 1 to 6 with dimensions of n = 1000, 5000, 10, 000, 50, 000, 100, 000 and dif-
ferent initial points: x; = (1,1,..,1)7, % =(2,2,...2)7, s = (3,3,....3)7, xs = (5,5, ..., 5) 7,
x5 = (8,8,...,8)7, x¢ = (0.5,0.5,...0.5)7, xr = (0.1,0.1,...,0.1)7, xg = (10,10, ...,10)7 . The
results of experiment reported in Tables 1-6, which contain the number of iterations (ITER),
number of function evaluations (FVAL), CPU time in seconds (TIME) and the norm at the ap-
proximate solution (NORM). The symbol '—' is used to indicate that the number of iterations
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exceeds 1000 and/or the number of function evaluations exceeds 2000.

The problems F(x) = (fi(x), f2(x), ..., fa(x))T, where x = (x1,x2,...,x;)7, tested are listed
as follows:

Problem 1 Modified exponential function

F(x)=¢e" -1
Fi(x)=€94+xi_1—1fori=2,3,...,n
and Q=RI.

Problem 2 Logarithmic Function
Fi(x) =In(|x;| + 1) — % fori=23..,n and Q=R].
Problem 3 [37]
Fi(x) =2x; —sin|x|, i=1,2,3,...,n and Q=R].
Problem 4 Strictly convex function [26]
Fi(x)=¢€9—1, fori=2,3,..,n and Q=RI.
Problem 5 Linear monotone problem

Fi(x) =25x1 +x2 — 1
Fi(x) = xi—1+2.5x; + xjy1 —1fori=2,3,...,n—1
Fa(x) = Xp—1 +2.5x, — 1

and Q=R].

Problem 6 Tridiagonal Exponential Problem [3]

Fl(X) =x — ecos(h(x1+xz))
Fi(x) = x; — ecos(h(xi—1+xi+xi+1)) for j — 2.3,...n—1
F,,(X) = xp — ecos(h(><,,_1-‘rx,7))v
where h = i
n+1
and Q=RT.

The results of the numerical performance indicate that the FCG method is more efficient than
the CGD method for the given test problems as it solves more problems than CGD method which
fails to solve most of the problems. In particular CGD method fails to solve problems 5 and 6
completely while FCG was able to solve the problems. Thus, FCG method is an effective tool for
solving nonlinear monotone equations with convex constraints, especially for large-scale problems.
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Table 1. Numerical Results for FCG and CGD for

Problem 1 with given initial points and

dimensions
DIMENSION INITIAL POINT FCG CGD
ITER FVAL TIME NORM ITER FVAL TIME NORM
X1 30 151  0.029034 9.97E-06 - - - -
X2 32 162  0.032225 8E-06 - - - -
X3 29 147  0.024743 8.25E-06 - -
X4 30 154 0.024078 8.98E-06 - - - -
X5 32 169 0.024838 9.5E-06 - - - -
1000 X6 29 146 0.020169 9.09E-06 3 21 0.002236 0
X7 26 131 0.019619 6.87E-06 3 21 0.001834 0
Xg 117 519  0.058816 9.57E-06 3 21 0.001666 0
X1 27 136 0.07062 9.27E-06 - - - -
X2 29 147 0.069378 6.35E-06 - - - -
X3 26 132 0.062323 9.74E-06 - -
X4 27 139  0.056432 7.86E-06 - - - -
X5 29 154  0.073783 9.28E-06 - - - -
5000 X6 26 131 0.057241 9.8E-06 3 21 0.00279 0
X7 24 121  0.061208 6.53E-06 3 21 0.001789 0
Xg 225 945  0.359843 6.08E-06 3 21 0.001659 0
X1 27 136 0.110866 6.55E-06 - - - -
X2 28 142 0.105131 6.99E-06 - - - -
X3 26 132 0.095317 7.65E-06 - -
X4 26 134 0.096757 9.22E-06 - - - -
X5 29 154 0.10975 6.59E-06 - - - -
10000 X6 26 131  0.091813 7.43E-06 3 21 0.002557 0
X7 23 116  0.081306 9.74E-06 3 21 0.001912 0
Xg 207 872 0.667213 9.86E-06 3 21 0.002028 0
X1 27 136  0.416897 5.45E-06 - - - -
X2 28 142 0.4511 5.54E-06 - - - -
X3 26 132 0.41667 7.7E-06 - -
X4 26 134 0.42627 8.15E-06 - - - -
X5 29 154  0.504924 5.43E-06 - - - -
50000 X6 26 131 0.414027 7.1E-06 3 21 0.002425 0
X7 24 121 0.44835  6.42E-06 3 21 0.001936 0
Xg 193 816 251444  9.92E-06 3 21 0.001939 0
X1 27 136  0.991751 6.37E-06 - - - -
X2 28 142 1.260811 6.4E-06 - - - -
X3 26 132 1.424801 9.41E-06 - -
X4 26 134 1.530526 9.67E-06 - - - -
X5 29 154 1.381487 6.31E-06 - - - -
100000 X6 26 131 1004984 859E-06 3 21 0002641 0
X7 24 121 0.854936 8.11E-06 3 21 0.003401 0
Xg 78 370 2.377291 9.74E-06 3 21 0.001946 0
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Table 2. Numerical Results for FCG and CGD for Problem 2 with given initial points and
dimensions

DIMENSION INITIAL POINT FCG CGD
ITER FVAL  TIME NORM ITER FVAL TIME NORM

xi 6 19 0004914 3.6E-08 3 10 0004752 0
X2 7 22 0006036 1.74E-08 - - - -
X3 7 22 0004458 221E-06 - - -
X 8 25 0.004995 5.45E-06 - - - -
x5 10 31 0009144 B8A47E-08 - - - -
1000 X6 5 16 0004309 4.37E-07 12 37 0003022 0
X7 4 13 0003884 517E07 10 31 0003156 0
X8 11 34 0008439 264E-08 10 31  0.002395 0
x1 6 19 0013848 6.26E09 3 10 0010011 0
X2 7 22 0015027 2.36E-09 - - -
X3 7 22 001877 893E07 - - -
X4 8 25 001957 2.58E-06 - - - -
X5 10 31 0023509 174E-08 6 19 0018264 0
5000 X6 5 16 0011425 142E07 12 37 0003034 0
X7 4 13 0008892 175E-07 10 31 0002234 0
P 11 34 0019901 3.7E-09 10 31  0.002247 0
x1 6 20 0025059 3.62E09 3 10 0017026 0
X 7 23 0027807 1.24E09 - - - -
X3 7 22 00271 6.86E07 - - - -
xa 8 25 0024772 2.22E-06 - - - -
X5 10 32 0034177 107E-08 12 48 0.056075 0
10000 X6 5 17 0021084 9.73E08 12 37  0.004599 0
x7 4 13 0016566 121E-07 10 31 0002371 0
o 11 35 0038309 2E09 10 31 0002892 0
x1 8 29 0113023 83E06 3 10 0.066789 0
2 7 24 0092315 1E-05 - - - -
X3 17 64 0238282 577E-06 - - - -
X 19 71 027681 7.15E-06 - - - -
X5 14 49 0198167 6.54E-06 - - - -
50000 X6 12 46 0167172 7.79E-06 12 37  0.003578 0
X7 11 43 0154196 9.67E-06 10 31  0.002085 0
X8 12 40 0161888 852E-06 10 31 0002224 0
x1 9 33 0237879 5.71E06 3 10 0123028 0
X2 8 28 0211838 6.74E06 - - - -
X3 17 64 0507595 B8.14E-06 - - - -
X 20 75 0580962 5.05E-06 - - - -
X5 14 49 0394332 9.09E-06 - - - -
100000 X6 13 50 0380856 5.48E-06 12 37  0.003665 0
X7 12 47 0348441 6.8E-06 10 31 0002801 O
g 13 44 0392105 58E-06 10 31  0.002108 0
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Table 3. Numerical Results for FCG and CGD for

Problem 3 with given initial points and

dimensions
DIMENSION INITIAL POINT FCG CGD
ITER FVAL TIME NORM ITER FVAL TIME NORM
X1 23 93 0.010923  6.1E-06 13 42 0.010427 0
X2 23 93 0.013051 6.55E-06 - - - -
X3 20 81 0.01293  8.5E-06 9 39 0.009423 0
X4 24 98 0.014461 5.63E-06 - - - -
X5 23 93 0.01694 7.07E-06 - - - -
1000 X6 22 89 0.021464 7.14E-06 7 26 0.001876 0
X7 20 81 0.014054 6.02E-06 10 42 0.002722 0
Xg 25 103 0.017473 5.94E-06 9 39 0.002248 0
X1 24 97 0.041347 6.82E-06 - - - -
X2 24 97 0.040248 7.32E-06 - - - -
X3 21 85 0.037918 9.51E-06 - - -
X4 25 102  0.043526 6.29E-06 - - - -
X5 24 97 0.04303 7.9E-06 - - - -
5000 X6 23 93 003983 7.98E-06 7 26 0002126 0
X7 21 85 0.038976 6.73E-06 10 42 0.003248 0
Xg 26 107  0.044616 6.64E-06 9 39 0.002423 0
X1 24 97 0.069348 9.65E-06 - - - -
X2 25 101 0.077087 5.18E-06 - - - -
X3 22 89 0.065376 6.72E-06 - - -
X4 25 102  0.079566 8.9E-06 - - - -
X5 25 101 0.072858 5.59E-06 - - - -
10000 X6 24 97 0070883 5.64E-06 7 26 0002492 0
X7 21 85 0.058127 9.52E-06 10 42 0.00411 0
Xg 26 107  0.086316 9.39E-06 9 39 0.002452 0
X1 26 105 0.326713 5.39E-06 - - - -
X2 26 105 0.300343 5.79E-06 - - - -
X3 23 93 0.271562 7.52E-06 - - -
X4 26 106  0.308558 9.95E-06 - - - -
X5 26 105 0.342744 6.25E-06 - - - -
50000 X6 25 101 0310528 6.31E-06 7 26 0002338 0
X7 23 93 0.266319 5.32E-06 10 42 0.002626 0
Xg 28 115 0.3389  5.25E-06 9 39 0.00371 0
X1 26 105 0.609266 7.63E-06 - - - -
X2 26 105 0.640604 8.19E-06 - - - -
X3 24 97 0.604267 5.31E-06 - - -
X4 27 110  0.666098 7.04E-06 - - - -
X5 26 105 0.622149 8.84E-06 - - - -
100000 X6 25 101 0621465 892E-06 7 26 0002508 0
X7 23 93 0.567894 7.52E-06 10 42 0.00269 0
Xg 28 115 0.724637 7.42E-06 9 39 0.002607 0
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Table 4. Numerical Results for FCG and CGD for Problem 4 with given initial points and
dimensions

DIMENSION  INITIAL POINT FCG CGD
ITER FVAL TIME NORM ITER FVAL TIME NORM

X1 21 85  0.010375 7.37E-06 - - - -
X2 22 90 0.01171  7.98E-06 1 45 0.008779 0
X3 22 91  0.009893 9.46E-06 3 21 0.004732 0
X4 22 93  0.016824 7.88E-06 3 21 0.004487 0
X5 23 102 0.012653 5.28E-06 3 21 0.005234 0
1000 X6 21 85 0.016972 8.87E-06 3 21 0.001853 0
X7 20 81 0.012323 5.45E-06 3 21 0.00177 0
X3 2 18 0.005313 0 3 21 0.001968 0
X1 22 89 0.037557 8.24E-06 - - - -
X2 23 94  0.033656 8.93E-06 - - - -
X3 24 99  0.033578 5.29E-06 3 21 0.010306 0
X4 23 97  0.035841 8.81E-06 3 21 0.012105 0
X5 24 106  0.047643 5.9E-06 3 21 0.012359 0
5000 X6 22 89 0.03202  9.91E-06 3 21 0.00166 0
X7 21 85  0.050125 6.1E-06 3 21 0.001721 0
X3 2 18 0.009803 0 3 21 0.001635 0

Xy 23 93  0.065522 5.83E-06 - - -
X2 24 98  0.053947 6.31E-06 - - - -
X3 24 99  0.060434 7.48E-06 3 21 0.018915 0
Xa 24 101 0.05745  6.23E-06 3 21 0.017853 0
X5 24 106  0.074314 8.35E-06 3 21 0.016733 0
10000 X6 23 93  0.054277 7.01E-06 3 21 0.001641 0
X7 21 85  0.057827 8.62E-06 3 21 0.00238 0
X8 2 18 0.018646 0 3 21 0.001563 0
X1 24 97  0.264969 6.51E-06 - - - -
X2 25 102 0.242806 7.06E-06 - - - -
X3 25 103 0.253747 8.36E-06 3 21 0.072756 0
X4 25 105 0.242377 6.96E-06 3 21 0.071677 0
X5 25 110  0.24953  9.33E-06 3 21 0.072242 0
50000 X6 24 97 0.235073 7.84E-06 3 21 0.001643 0
X7 22 89 0.214897 9.64E-06 3 21 0.002218 0
X3 2 18 0.064875 0 3 21 0.002332 0
X1 24 97 0.450026 9.21E-06 - - - -
X2 25 102 0.496804 9.98E-06 - - - -
X3 26 107 0.529191 5.91E-06 3 21 0.155644 0
X4 25 105 0.515341 9.85E-06 3 21 0.146987 0
X5 26 114 0.553523 6.6E-06 3 21 0.141577 0
100000 X6 25 101  0.465119 5.54E-06 3 21 0.001987 0
X7 23 93  0.420296 6.82E-06 3 21 0.001702 0
X8 2 18 0.135172 0 3 21 0.002578 0
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Table 5. Numerical Results for FCG and CGD for Problem 5 with given initial points and

dimensions
DIMENSION INITIAL POINT FCG CGD
ITER FVAL TIME NORM ITER FVAL TIME NORM

X1 152 802 0.075299 9.2E-06 - - - -

X2 139 736 0.073897 7.3E-06 - - - -

X3 136 726  0.072044 6.7E-06 - - - -

Xq 165 872  0.093292 7.4E-06 - - - -

X5 165 873  0.084202 8.2E-06 - - - -

1000 X6 150 793 0.080311 7.2E-06 - - - -
X7 153 808 0.077297 7.4E-06 - - - -

Xg 183 964 0.09986 TE-06 - - - -

X1 151 796  0.302958 9.1E-06 - - - -

X2 108 580 0.222843 8.5E-06 - - - -

X3 133 711 0.244279 9.8E-06 - - - -

X4 155 822  0.268972 9.7E-06 - - - -

X5 177 934  0.331852 7.1E-06 - - - -

5000 X6 143 758  0.247833  1E-05 - - - -
X7 145 768  0.260931 9.8E-06 - - - -

Xg 177 934  0.376048 9.4E-06 - - - -

X1 151 796  0.582134 9.1E-06 - - - -

X2 101 545  0.405084 7.5E-06 - - - -

X3 150 796 0.59398 9.5E-06 - - - -

X4 172 908 0.666833 9.1E-06 - - - -

X5 158 839 0.60491 9.3E-06 - - - -

10000 X6 159 839  0.594092 9.9E-06 - - - -
X7 150 793 0.561624 9.7E-06 - - - -

Xg 171 905 0.651769 7.7E-06 - - - -

X1 147 776 2.228341  9E-06 - - - -

X2 89 486 1.463798 8.6E-06 - - - -

X3 147 780  2.378053 9.1E-06 - - - -

X4 156 829  2.491981 6.7E-06 - - - -

X5 176 930 2.74415 8.2E-06 - - - -

50000 X6 177 930 2.722724 8.6E-06 - - - -
X7 151 799 2.321288 7.7E-06 - - - -

Xg 159 845  2.448193 9.8E-06 - - - -

X1 148 782  5.294027 7.9E-06 - - - -

X2 89 486  3.293977 7.9E-06 - - - -

X3 132 707  4.714172 9.5E-06 - - - -

X4 144 769 5.166183 9.4E-06 - - - -

X5 165 875 5.898258 7.3E-06 - - - -

100000 X6 171 900  5.94172  8E-06 - - - -
X7 152 805 5.387028 6.7E-06 - - - -

Xg 165 875 5.867254 9.7E-06 - - - -
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Table 6. Numerical Results for FCG and CGD for Problem 6 with given initial points and

dimensions
DIMENSION INITIAL POINT FCG CGD
ITER FVAL TIME NORM ITER FVAL TIME NORM

X1 24 97 0.018177 6.47E-06 - - - -

X2 23 93 0.020801 5.41E-06 - - - -

X3 21 85 0.018842 8.49E-06 - - - -

Xq 24 97 0.017617 8.59E-06 - - - -

X5 25 101  0.018456 9.94E-06 - - - -

1000 X6 24 97 0.017399 8.35E-06 - - - -
X7 24 97 0.018177 9.86E-06 - - - -

Xg 26 105 0.028836 6.85E-06 - - - -

X1 25 101  0.071229 7.24E-06 - - - -

X 24 97 0.069072 6.05E-06 - - - -

X3 22 89 0.062428 9.5E-06 - - - -

X4 25 101  0.093955 9.62E-06 - - - -

X5 27 109 0.072351 5.56E-06 - - - -

5000 X6 25 101  0.065859 9.35E-06 - - - -
X7 26 105 0.090732 5.52E-06 - - - -

Xg 27 109 0.071772 7.67E-06 - - - -

X1 26 105 0.154804 5.12E-06 - - - -

X2 24 97 0.117887 8.56E-06 - - - -

X3 23 93 0.114087 6.72E-06 - - - -

X4 26 105 0.148228 6.8E-06 - - - -

X5 27 109 0.144108 7.87E-06 - - - -

10000 X6 26 105 0.129431 6.61E-06 - - - -
X7 26 105 0.130249 7.8E-06 - - - -

X8 28 113 0.149137 5.43E-06 - - - -

X1 27 109 0.635653 5.73E-06 - - - -

X2 25 101  0.533873 9.57E-06 - - - -

X3 24 97 0.550562 7.51E-06 - - - -

Xq 27 109 0.605892 7.6E-06 - - - -

X5 28 113 0.636995 8.8E-06 - - - -

50000 X6 27 109 0.613244 7.39E-06 - - - -
X7 27 109 0.602482 8.72E-06 - - - -

Xg 29 117  0.645397 6.07E-06 - - - -

X1 27 109 1.250775 8.1E-06 - - - -

X2 26 105 1.246817 6.77E-06 - - - -

X3 25 101 1.158025 5.31E-06 - - - -

X4 28 113 1.301028 5.38E-06 - - - -

X5 29 117 1.338954 6.22E-06 - - - -

100000 X6 28 113 1.324453 5.23E-06 - - - -
X7 28 113 1.299459 6.17E-06 - - - -

Xg 29 117  1.355021 8.58E-06 - - - -
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4.2. Experiments on the /;—norm regularization problem in compressive sensing

There are many problems in signal processing and statistical inference involving finding sparse
solutions to ill-conditioned linear systems of equations. Among popular approach is minimizing an
objective function which contains quadratic (¢2) error term and a sparse {1 —regularization term,
i.e.,

1
min 5 [ly = Ax[l3 + wlix], (4.1)

where x € R", y € R¥ is an observation, A € R¥*" (k << n) is a linear operator, w is a
nonnegative parameter, |x||2 denotes the Euclidean norm of x and ||x|l1 = Y>_7_; |xj| is the
f1—norm of x. It is easy to see that problem (4.1) is a convex unconstrained minimization
problem. Due to the fact that if the original signal is sparse or approximately sparse in some
orthogonal basis, problem (4.1) frequently appears in compressive sensing, and hence an exact
restoration can be produced by solving (4.1).

Iterative methods for solving (4.1) have been been presented in many literatures, (see [11, 13,
2, 12, 25, 4]). The most popular method among these methods is the gradient based method
and the earliest gradient projection method for sparse reconstruction (GPRS) was proposed by
Figueiredo et al. [12]. The first step of the GPRS method is to express (4.1) as a quadratic
problem using the following process. Let x € R" and splitting it into its positive and negative
parts. Then x can be formulated as

X=u-—yv, u>0, v=>0,

where u; = (x))4+, vi = (=x;)+ for all i = 1,2,...,n, and (.)+ = max{0,.}. By definition of
¢1-norm, we have ||x||1 = T u+ el v, where e, = (1,1,...,1)7 € R". Now (4.1) can be written
as

1
min EHyfA(ufv)H%erenTquwe,-,rv, u>0, v=>0, (4.2)
u,v

which is a bound-constrained quadratic program. However, from [12], equation (4.2) can be
written in standard form as

1
min EZTBZ +c'z, such that z >0, (4.3)
(u B b o [ATA —ATA
wherezf(v>, cfwegn—l—(b), b=A'y, Bi<fATA ATA )

Clearly, B is a positive semidefinite matrix, which implies that equation (4.3) is a convex quadratic
problem.

Xiao et al. [30] translated (4.3) into a linear variable inequality problem which is equivalent
to a linear complementarity problem. Furthermore, they pointed out that z is a solution of the
linear complementarity problem if and only if it is a solution of the nonlinear equation:

F(z) = min{z,Bz+ c} =0. (4.4)

It was proved in [29, 23] that F(z) is continuous and monotone. Therefore problem (4.1) can be
translated into problem (1.1) and thus FCG method can be applied to solve (4.1).

In this experiment, we consider a simple compressive sensing possible situation, where our
goal is to reconstruct a sparse signal of length n from k observations. The quality of restoration
is assessed by mean of squared error (MSE) to the original signal x,

2

1
MSE = —||x — x|
n
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where x, is the recovered or restored signal. The signal size is choosen as n = 212, k = 210 and
the original signal contains 27 randomly nonzero elements. A is the Gaussian matrix generated by
the command rand(m, n) in MATLAB. In addition, the measurement y is distributed with noise,
that is, y = Ax+ u, where i is the Gaussian noise distributed normally with mean 0 and variance
10~* (N(0,107%)).

To show the performance of the FCG method in compressive sensing, we compare it with the
CGD method. The parameters in both FCG and CGD methods are chosen as p = 10, ¢ = 10~*
and r = 0.5, which came from [30]. After series of experiments, we observe that for FCG method,
the parameter 1 has a great impact on the restoration of signal. Finally, we choose n = 0.2 in
our experiment and the merit function used is f(x) = ||y — Ax||3 + w||x||1. To achieve fairness
in comparison, each code was run from same initial point, same continuation technique on the
parameter w, and observed only the behaviour of the convergence of each method to have a
similar accurate solution. The experiment is initialized by xg = ATy and terminates when

||f‘k|;fk—1H < 1075v

1]l
where f, is the function evaluation at xy.

In Fig. 1, FCG and CGD methods recovered the disturbed signal almost exactly. In order to
show visually the performance of both methods, four figures were plotted to demonstrate their
convergence behaviour based on MSE, objective function values, number of iterations and CPU
time, see Fig. 2 — 5. Furthermore, the experiment was repeated for 10 different noise samples
and the average was also computed, see Table 7. From the Table, it can be observed that the
FCG is more efficient as it has fewer iterations and CPU time than CGD method in most cases.

Original (n = 4096, number of nonzeros = 128)
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Fig. 1. From top to bottom: the original image, the measurement, and the recovered signals by
CGD and FCG methods.
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Table 7. Ten experiment results together with average result of {1 —norm regularization problem
for FCG and CGD methods

FCG CGD

MSE ITER CPU(s) MSE ITER CPU(s)
2.31E-04 100 3.98 3.40E-05 196 7.31
1.65E-04 134 5.38 3.02E-05 223 8.44
1.40E-04 130 5.14 5.21E-05 164 6.3
1.65E-04 134 5.59 3.02E-05 223 8.69
1.75E-04 127 4.83 4.48E-05 218 8.14
6.78E-04 169 6.38 1.85E-05 215 8.44
1.47E-04 137 5.28 4.94E-05 191 8.66
2.72E-04 94 453 4.33E-05 224 8.83
1.67E-04 117 489 1.26E-05 135 5.55
1.07E-04 119 4.64 2.78E-05 181 6.91
Average 2.25E-04 126.1 5.064 3.43E-05 197 7.727

5. Conclusions

In this article, a family of conjugate gradient projection method for solving nonlinear monotone
equation with convex constraints was proposed. The proposed method is suitable for for solving
nonsmooth equations as it does not require Jacobian information of the nonlinear equations. The
global convergence of the proposed method was established under suitable conditions.

We can view the the proposed method as an extension of the method in [10] to solve convex
constrained problems. Numerical results show that the proposed method is more efficient than
the CGD method for the given constrained problems. Furthermore, the proposed method can be
applied to solve ¢;—norm regularization problem in compressive sensing.
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1. Introduction

The concept of cohypersubstitution of type 7 was first introduced by K. Denecke and K.
Saengsura [3] in 2009. They used as the main tool in the study of cohyperidentities. They
defined coalgebras, coidentities, cohyperidentities and applied all the concepts to construct
the monoid of cohypersubstitutions of type 7. After that, in 2013, S. Jermjitpornchai and
N. Seangsura [5] generalized the concepts of K. Denecke and K. Saengsura [3] by studying
on the generalized cohypersubstitutions of type 7 = (n;);c/, introduced coterms, generalized
superpositions, some algebraic-structural properties and constructed the monoid of generalized
cohypersubstitutions. Later that, in the same year, N. Seangsura and S. Jermjitpornchai [8]
fixed type 7 = (2) and characterized all idempotent and regular elements of the generalized
cohypersubstitutions of type 7 = (2). After the study, the structural properties and special
elements of the monoid of generalized cohypersubstitutions of type 7 = (2),7 = (3) and
7 = (n) have been stydied by many other authors, see in [1], [5] and [8]. Moreover, in
2021, N. Chansuriya and S. Phuapong gave some structural properties and the relationship
among submonoids of the monoid of generalized cohypersubstitutions of type 7 by using
the concepts in [6] and [7]. They also defined two new binary operations +¢c¢ and @cg
on the set of all generalized cohypersubstitutions of type 7, Cohypg(7), and showed that
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(Cohypc(7), +cc).(Cohyps(T), ®cg) were semigroups.
In this study, we fix type 7 = (2) and focus on the semigroups (Cohypg(2), +c¢) and

(Cohypg(2), ®cg). We characterize the set of all idempotent and regular elements of this
semigroups.

2. Preliminaries

In this section, we provide the basic concept of the monoid of set of all generalized
cohypersubstitutions which is very useful to this research.

Let A be a non-empty set and n € Nt = NU {0}. Define the union of n disjoint copies
of Aby A”" := n x A where n = {1,2, ..., n}, so it is called the n-th copower of A. An
element (7, a) in this copower corresponds to the element a in the i-th copy of A where i € n.
A mapping f4: A — A" is a co-operation on A; the natural number n is called the arity of
the co-operation fA. Every n-ary co-operation f* on the set A can be uniquely expressed as
the pair of mappings (f, ;') where fA : A — n gives the labelling used by 4 in mapping
elements to copies of A, and £ : A — A shows what element of A any element is mapped
to, so fA(a) = (f(a), £(a)). We denote the set of all n-ary co-operations defined on A by
cOf) = {FA: A — AN},

Let 7 = (n;)ics and let (f;);cs be an indexed set of co-operation symbols which f; has arity
n; foreach i € I. Let U{ejf’ |n>1,neNT 0<j<n—1} be aset of symbols which disjoint
from {f;[i € I} such that e has arity n for each 0 < j < n—1. An coterms of type T are
defined as follows:

(i) For every i € I, the co-operation symbol f; is an n-ary coterm of type 7.
(ii) Forevery n>1and 0 <j < n—1 the symbol e/ is an n-ary coterm of type 7.

(i) If 1, ..., t, are n-ary coterms of type 7, then f[ty, ..., t,] is an n-ary coterm of type 7
for every i € I, and if ty, ..., t,_1 are m-ary coterms of type 7, then ef’[to, v tpo1] s
an n-ary coterm of type 7 for every 0 < j < n—1.

Let CTT(") be the set of all n-ary coterms of type 7, and CT, := U CTT(") the set of all
n>1
coterms of type 7.

For example, let us consider the type 7 = (2) with one binary co-operation symbol f and
the set of all injection symbols E := {e]' | n,j € N* := NU{0}}. Then some example of
coterm of type 7 = (2) are:

€. ef fleg. efl, fle. 1. f[f[ef, €5], &3], leg, flef, efll. Ff[ed. €5, flef, eil.

Definition 2.1. [5] Let m € N* = NU {0}. A generalized superposition of coterms S™ :
CTm™! — CT, is defined inductively by the following steps:

(i ft=eand 0 < i< m—1, then S™(e/, ty, ..., tm—1) = t;, Where tg, ..., t;m—1 € CT.

(i) Ift=eland 0 < m< i< n-—1,then S™(el to, ..., tm—1) = €/, where ty, ..., tm_1 €
CT..
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(i) If t = fi[s1, ..., sn,] , then S™(t, t1, ..., tm) = fi(S™(s1, t1, s tm)s ooy S™(Spiv t1, ey tm))s
where Sm(51, t1, ..., tm), . Sm(Sn(., t1, ..., tm) e CT..

The above definition can be written as the following forms:

(i) ft=eand 0 < i< m—1, then e[ty, ..., tm—1] = t;, where to, ..., t;—1 € CT.
(i Ift=€e"and 0 < m<i<n-—1,then e'[ty, ..., tm—1] = €, where tg, ..., tm—1 € CT,.

(i) If t = fi]s1, ..., sn;], then (fi[s1, ..., Sp))[t1s -\ tm] = Fi(S1lte, oo s tm]s oo s Soi[tLy oo s tm])s
where Sl[tl, . tm], ,Sni[tl, - tm] e CT,.

Definition 2.2. [5] A generalized cohypersubstitution of type 7 is a mapping o : {f;|i €
I} — CT,. The extension of ¢ is a mapping ¢ : CT, — CT, which is inductively defined by
the following steps :

(i 3(6}’) :=ef foreveryn>1and 0 <j<n-—1,

)
(ii) o(f;) == o(f;) for every i € I,
(i) G(£[tr, ..., tn]) = o(F)[G(t1), ..., 5(ts)] for t1,... tn € CT".

Let Cohypg(7) be the set of all generalized cohypersubstitutions of type 7.

Proposition 2.3. [5] If t, t1, ..., t, € CT, and o € Cohypg(T), then
a(t[ty, ..., ts]) = a(t)[o(t1), ..., o(tn)]-

On the set Cohypg(7) of all generalized cohypersubstitutions of type 7, we may define
an operation ocg : Cohypg(7) x Cohypg(7) — Cohyps(7) by 01 0cg 02 := 1 0 02 for all
o1, 02 € Cohypg(7) where o is the usual composition of mappings. Let o4 be the generalized
cohypersubstitution such that ojg(f;) := fi[ef, ef, ..., e, 4] forall i € I. Then o4 is an identity
element in Cohypg (7). Thus Cohypg(7) := (Cohyps(7), occ, 0id) is @ monoid and called the
monoid of generalized cohypersubstitutions of type T. A algebraic-structural properties of the
monoid Cohypg(7) can be found in [5].

In [2], a new binary operation "+¢¢" on the set Cohypg(7) was defined by
(01 +cc 02)(fi) := oa(£i)[o1(f), ..., o1(fi)] € CT(7,
——— —
n;—terms

for all 01,02 € Cohypg(7). Then (Cohyps(7), +cc) is a semigroup. Furthermore, they also
defined another new binary operation "@®¢g" on the set Cohypg(7) by

(01 @6 02)(fi) = o1(fi)[o2(f), ..., 02(fi)] € CT(ry,

n;—terms

for all o1, 02 € Cohypg(T). So, (Cohypg(T), Bcg) forms a semigroup.
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Example 2.4. Let 7 = (2) and t = f[f[e], €3], €3], s = f[e3, f[e], €f]] € CT(2). Then

(orrrez. 2.2 Tc6 Orerrez. () = ore rez.en (DIoririez.ez.e) (F) Orpeez,ezy,e2 (F)]
= fle3, fleg, efll[f[fles. €31, ei], f[f[e5. €3], €f]
fles, fIf[f[ed, &3], 7], f[fef, €3], ef]l], and

(or1e2.e21.e2) Dcc Orierre2. ) (F) = orrrez.en.e) (DIose. ez e (F) orpez ez 21 (F)]
= f[fle. &, efl[f[e3. fleg, efll. fle3. fles, efll]
FIf[fle3. fle5. efll. €3], Fe3, fleg. eflll.

Throughout this paper, we denote:

o := the generalized cohypersubstitution o of type 7 which maps f to the coterm t,
ej’ := the injection symbol forall 0 <j<n—-1,n€eN,

E := the set of all injection symbols, i.e., E := {e] | n,j € N* := NU{0}},

E(t) := the set of all injection symbols occuring in the coterm t.

3. Main Results

In this section, we focus on the set Cohyps(2) of all generalized cohypersubstitutions
of type 7 = (2) with a binary operation "+¢¢" on the set Cohypg(2) defined by (o1 +c¢
02)(f) := (o2(F)[o1(F), o1(F)] for all o1, 02 € Cohypg(2). Then we have (Cohypg(2), +cc)
is a semigroup. We describe idempotent and regular elements in Cohypg(2). Firstly, we recall
the definition of an idempotent element in the semigroup (Cohypc(2), +cc).

Definition 3.1. Let (Cohypg(2), +cc) be a semigroup. An element o, € Cohypg(2) is
called idempotent if o; +c¢ o+ = 0. Denoted by £7¢¢(Cohyps(2)) the set of all idempotent
elements of Cohypg(2).

Theorem 3.2. let t,s € CT(2). Then the following statements hold.
(i) If E(t)Nn{e?, e?} = {e2}, then t[s,s] =t if and only if s = 3.
(i) If E(t) N {e2, ef} = {e?}, then t[s,s] =t if and only if s = €.

(ii) If E(t)N{e3, e2} =0, then t[s,s] = t.

Proof. (i) Let t,s € CT(5) where E(t) N {€f, ef} = {e3}.
Let t = f[t1, tz] where t1, &, € CT(5) and assume that t[s, s] = t. Suppose that s # 3.
Then
t[s, s] = (f[t1, t2])[s, s] = f[t1][s, 5], t2[s, s]].

Since E(t) N {e§, €7} = {ef} and s # €3, this force that ti[s,s] # t; and to[s, s] # to.
Thus t[s,s] = (f[t1, t2])[s, s] = f[ti[s,s], t2[s, s]] # f[t1, t2] = t, which is a contradiction.
Hence, s = eg.

Conversely, assume that s = 2. We give a proof by indection on the complexity of

the coterm t. If t = €], then €j[s,s] = ef. If t = & for j > 2, then €[s,s] = 7. If
t = f[t1, tn] and suppose that t1[s,s] = t; and tp[s, s] = to, then t[s,s] = (f[t1, t2])[s, s] =
fltils, s], tas, s]] = f[t1, to] = t.

Similarly, we can proof (ii) and (iii). |
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Theorem 3.3. The generalized cohypersustitution o, of type T = (2) is idempotent if and
only if tlow(f), o¢(f)] = t.

Proof. Let t € CT(;). Assume that o; is an idempotent. Then
tloe(F), oe(F)] = (0:(F) +cc 0 )(F) = or(f) = ¢.

Conversely, assume that t[o:(f), 0¢(f)] = t. Then (o¢+ccoe)(f) = (0:(F)[o(f), oe(F)] =
tloi(f), oe(f)] = t = o¢(f). Thus oy is an idempotent. ]

Next, we study on the set of all projection generalized cohypersubstitutions of type 7 = (2)
which define as following.

Definition 3.4. Let 7 = (2). A generalized cohypersubstitution ¢ of type 7 = (2) is called a
projection generalized cohypersubstitution if the coterm o(f;) is the injection symbol for each
i€l Leto; € Pgé(2) be the set of all projection generalized cohypersubstitutions of type
T = (2), i.e., o € Pg%(Q) = {O'eZJ | ej2 € E}

By applying the Theorem 3.2 and Theorem 3.3, we have the following corollary.
Corollary 3.5. Every o, € P{%(2) is idempotent.
Corollary 3.6. If o, € Cohypg(2) and E(t) N {e3, e} =0, then o, is idempotent.

Lemma 3.7. Let t;, t; € CT(y) and o € Cohypg(2). Then the following statements hold.
(i) If t = f[e3, ta] where E(t) N {e?, €2} = {3}, then o, is not idempotent.
(i) If t = f[t1, €] where E(t) N {e3, e} = {e?}, then o, is not idempotent.

(ii) If t = f[t1, ta] where {€3, €2} C E(t), then o, is not idempotent.

Proof. (i) Let oy € Cohypg(2) where t = f[€d, to], E(t) N {€f, ef} = {€3} and t, € CT(y).
Consider

(of1,6) tc6 oreu)(f) = e (Ao u(f) ore 0 (]
= fle. wllfle o], fle, to]]
= f[fle, ta], L[ f[e5, ta], €5, ]
£ fles, to].
Hence, o; is not idempotent.

Similarly, we can proof (ii).

(iii) Let o, € Cohypg(2) where t = f[t1, tp], t1, t2 € CT(5) and {€3, i} C E(t).

Consider

(0f(t,020 T 6 Orl)(F) = O] (Floe,0)(F), 0r 6] (F)]
ft1, &][f[t1, ta), f[t1, ta]]
flt[f[te, t], fltr, 2], t2[f[t1, t2], F[t1, t2]]]-

Since {€?, €2} C E(t), then we have t;[f[t1, tz], f[t1, t2]] # t1 and tao[f[ta, ta], F[t1, t2]] #
ta. S0, (Of[t,,6] +CG Of[t, 1) (F) # Of[t,,1]- Hence, oy is not idempotent. [ |
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Lemma 3.8. Let t;, t; € CT(y) and o, € Cohypg(2). Then the following statements hold.
(i) If t = f[t1, €3] where E(t) N {e3, e?} = {€3}, then o, is not idempotent.

(i) If t = f[e?, to] where E(t) N {e3, e} = {e?}, then o, is not idempotent.
Proof. The proof of this lemma is similarl to Lemma 3.7. |

We now set E* := {0, | E(t) N {ed, e}} = 0}. So, we have the following theorem.

Theorem 3.9. £7<(Cohypg(2)) := Pg’é(2) U E* is the set of all idempotent elements of
(Cohypg(2), +cc)-

Proof. The proof is directly optained from Corollary 3.5, Corollary 3.6, Lemma 3.7 and Lemma
3.8. |

By applying the method in [1], we have the following lemma.
Lemma 3.10. £1<¢(Cohypg(2)) is a maximal idempotent subsemigroup of (Cohypg(2), +cc)-

Proof. It is easy to see that £7¢¢(Cohypg(2)) C Cohypg(2) and it is closed under the oper-
ation +¢g. So, £ (Cohyps(2)) is an idempotent subsemigroup of (Cohypg(2), +cg). We
next to show that it is a maximal idempotent subsemigroup.

Let M be a proper idempotent subsemigroup of (Cohypg(2), +c¢) such that
Etee(Cohypg(2)) € M C Cohypg(2). Let o € M. Then o is an idempotent element. Sup-
pose that o # £7¢¢(Cohyp(2)). Then, by Lemma 3.7 and Lemma 3.8, o is not idempotent,
which is a contradiction. So, o € £7¢¢(Cohyps(2)). Hence, M = E1<¢(Cohyps(2)).

Therefore, £7¢¢(Cohypg(2)) is a maximal idempotent subsemigroup of (Cohypg(2), +cq)-
|

Now, we will describe regular elements in the semigroup (Cohyps(2), +cq)-

Definition 3.11. Let (Cohypg(2),+cc) be a semigroup. An element o, € Cohypg(2) is
call regular if there exists o5 € Cohypg(2) such that oy +¢cg 0s +cc 0+ = 0. Denoted by
Rtcs(Cohypg(2)) the set of all regular elements of Cohypg(2).

Theorem 3.12. For any type 7 = (2), £1<¢(Cohyps(2)) = Rt (Cohyps(2)).

Proof. Since every idempotent elements is regular element, so we have £7<¢(Cohypg(2)) C
RTce(Cohyps(2)). We will show that RT<¢(Cohypg(2)) = £1<¢(Cohyps(2)). Let op €
Rtcc(Cohypg(2)). Then there exists o5 € Cohypg(2) such that o; +c 0s+cc = 0+

So,
(ae(F)I(or +ce as(A)(F). (01 +cc os(FF)] = oe(f)
t[s[t, t], s[t. t]] = ¢t
This force that €2, e? ¢ E(t). Thus o, € E*.

Assume that t # e?;i € N*, then s[t, t] # €?;i € N*. So, by Theorem 3.2 (i),(ii), we
obtain that t[s[t, t], s[t, t]] # t. We get a cotradiction. Thus t = e€?;i € N* which implies
that o € PZL(2). Hence o, € E* U PZL(2) := ET<¢(Cohype(2)).

Therefore, £7¢c(Cohypg(2)) = Rt (Cohyps(2)). ]
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In the last of this section, we study on the set Cohypg(2) of all generalized cohypersub-
stitutions of type 7 = (2) together with a binary operation "@c¢" on the set Cohypg(2)
defined by (01 ®cg 02)(f) := (01(f))[o2(f), 02(F)] for all 01,02 € Cohyps(2). Then we
have that (Cohypg(2), ®cc) is a semigroup. We describe idempotent and regular elements
in Cohypg(2) by using the following definitions.

Definition 3.13. Let (Cohyps(2), Bcc) be a semigroup. An element o € Cohypg(2) is
call idempotent if o: ®cg 0+ = 0. Denoted by £P<¢(Cohypg(2)) the set of all idempotent
elements of Cohypg(2).

Definition 3.14. Let (Cohypgc(2), ®cg) be a semigroup. An element o € Cohypg(2) is
call regular if there exists o5 € Cohypg(2) such that o; ®¢cg 0s Dcg 0+ = 0. Denoted by
REcc(Cohypg(2)) the set of all regular elements of Cohypg(2).

We can see that every idempotent element in (Cohypg(2), +c¢) is idempotent element in
(Cohypc(2), ®ce) and also regular element. So, we have the following results.

Proposition 3.15. For any type 7 = (2), £9<¢(Cohyps(2)) = R¥<(Cohypg(2)).
Proof. The proof is similar to Theorem 3.12. |

So, we have the following corollary.

Corollary 3.16. For any type 7 = (2), R <¢(Cohyps(2)) = E7<¢(Cohyps(2)) =
£¥ce(Cohypg(2)) = R¥<¢(Cohypg(2))-

4. Conclusion

This study focues on the semigroups (Cohypg(2),+cc) and (Cohypg(2), ®cg) of gen-
eralized cohypersubstitutions of type 7 = (2). We characterize the idempotent and regular
elements on these semigroups. The main results of the study shown that any regular elements
are idempotent elements. Moreover, we can see that the set of all idempotent and regular
elements of the semigroup (Cohypg(2), +cc) equal to the set of all idempotent and regular
elements of the semigroup (Cohypg(2), ®cg).
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1. Introduction

The theory of convex optimization, as a subject, is developed to the discovery of problem
arising in applied mathematics for which optimization algorithms or iterative methods are the
effective tools. As a result, powerful optimization tools found valuable applications in core
areas of applied mathematics as well as in automatic control systems, medicine, economics,
signal processing, management, communications and networks, industry, combinatorial opti-
mization, global optimization and other branches of sciences. Since convex optimization has
a long historical roots, however, several recent developments in the subject not only stimu-
lated the interest of researchers but also serve as an interdisciplinary bridge between various
branches of sciences as mentioned above. It is therefore natural to recognize and formulate
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various real world and theoretical problems in the general framework of convex optimization to
be solved numerically. Iterative methods are ubiquitous in the theory of convex optimization
and still new iterative and theoretical techniques have been proposed and analyzed for convex
optimization problems. Such an algorithm or iterative method is designed for the selection of
the best out of many possible decisions in a real-life environment, constructing computational
methods to find optimal solutions, exploring the theoretical properties and studying the compu-
tational performance of numerical algorithms implemented based on computational methods.
Monotone operator theory is a fascinating field of research in nonlinear functional analysis.
This class of operators attracts the research community primarily due to the importance of
these operators in modelling problems in the field of convex optimization, subgradients, partial
differential equations, variational inequalities and image processing, evolution equations and
inclusions, see for instance, [12,26,30] and the references cited therein. Many problems in the
theory of convex optimization concern with the approximation of zeroes of a maximal mono-
tone operator defined on a Hilbert space. On the other hand, the problem of finding zeroes of
the sum of two (maximal -) monotone operators is of fundamental importance in structured
convex optimization, variational analysis, machine learning, signal processing and image anal-
ysis [22,28]. Since the structured convex optimization problems are complex in nature and
require sophisticated tools for the consequent analysis. Therefore, operator splitting technique
is the most efficient tool to solve the structured convex optimization problem comprises of
smooth and non-smooth functions. Moreover, operator splitting technique provides parallel
computing architectures and thus reducing the complexity by splitting the original problem into
simpler problems. The forward-backward (FB) algorithm is prominent among various splitting
algorithms to find a zero of the sum of two maximal monotone operators [22]. Note that the
FB algorithm efficiently tackle the situation for smooth and/or non-smooth functions. We
remark that the several general splitting algorithms are available in the literature with specific
limitations. However, new splitting algorithms are formulated in such a way to unify and/or
combine the existing splitting algorithms with enhanced intrinsic properties. We, therefore,
propose and analyze a splitting method comprises of forward-backward-forward (FBF) iterates
in Hilbert spaces. In 1964, Polyak [29] employed the inertial extrapolation technique, based
on the heavy ball methods of the two-order time dynamical system, to equip the iterative al-
gorithm with fast convergence characteristic. It is remarked that the inertial term is computed
by the difference of the two preceding iterations. The inertial extrapolation technique was
originally proposed for minimizing differentiable convex functions, but it has been generalized
in different ways. The heavy ball method has been incorporated in various iterative algo-
rithms to obtain the fast convergence characteristic, see, for example [1] and the references
cited therein. One of the main motivations for this paper is to equip the FBF algorithm with
the inertial extrapolation technique for fast convergence results in Hilbert spaces. In order to
ensure the strong convergence characteristics of the proposed algorithm, the shrinking effect
of the half space is also employed in this framework. The theory of equilibrium problems is
a systematic approach to study a diverse range of problems arising in the field of physics,
optimization, variational inequalities, transportation, economics, network and noncooperative
games, see, for example [13,21] and the references cited therein. The existence result of an
equilibrium problem can be found in the seminal work of Blum and Oettli [13]. Moreover,
this theory has a computational flavor and flourishes significantly due to an excellent paper of
Combettes and Hirstoaga [20]. The classical equilibrium problem theory has been generalized
in several interesting ways to solve real world problems. In 2012, Censor et al. [18] proposed
a theory regarding split variational inequality problem (SVIP) which aims to solve a pair of
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variational inequality problem in such a way that the solution of a variational inequality prob-
lem, under a given bounded linear operator, solves another variational inequality.

Motivated by the work of Censor et al. [18], Moudafi [27] generalized the concept of SVIP to
that of split monotone variational inclusions (SMVIP) which includes, as a special case, split
variational inequality problem, split common fixed point problem, split zeroes problem, split
equilibrium problem and split feasibility problem. These problems have already been stud-
ied and successfully employed as a model in intensity-modulated radiation therapy treatment
planning, see [16,17]. This formalism is also at the core of modeling of many inverse problems
arising for phase retrieval and other real-world problems; for instance, in sensor networks in
computerized tomography and data compression; see, for example, [19]. Some methods have
been proposed and analyzed to solve split equilibrium problem and mixed split equilibrium
problem in Hilbert spaces, see, for example, [2-11] and the references cited therein. Inspired
and motivated by the above mentioned results and the ongoing research in this direction,
we aim to employ a hybrid splitting method, comprises of forward-backward-forward iterates,
shrinking projection iterates and Nesterov's acceleration method, to solve the monotone in-
clusion problem associated with maximal monotone operators and split equilibrium problem in
Hilbert spaces. The proposed iterative method exhibits accelerated strong convergence char-
acteristics under suitable set of control conditions in such framework. Finally, we explore some
useful applications of the proposed iterative method via numerical simulation. The rest of the
paper is organized as follows: Section 2 contains preliminary concepts and results regarding
monotone operator theory and equilibrium problem theory. Section 3 comprises of strong
convergence results of the proposed algorithm. Section 4 deals with applications of (FBF)
method in minimization problem, split feasibility problem, monotone variational inequality
problem and Image processing. Section 5 deals with the efficiency of the proposed algorithm
and its comparison with the existing algorithm by numerical experiments.

2. Preliminaries

Throughout this section, we first fix some necessary notions and concepts which will be
required in the sequel(see [12] for a detailed account). We denote by N the set of all natural
numbers and R the set of all real numbers, respectively. Let C C H; and Q C H;, be two
non-empty subsets of real Hilbert spaces H; and Hy with the inner product (- ,-) and the
associated norm ||-||. Let x, — x (resp. x, — x) indicates strong convergence (resp. weak
convergence) of a sequence {x,}5°; in C. Let A : H; — 2%t be an operator. We denote
dom (A) = {x € Hy : Ax # (0} the domain of A, Gr(A) = {(x,u) € H1 X H;1 : u € Ax} the
graph of A and zer (A) = {x € H1 : 0 € Ax} the set of zeros of A. The inverse of A, that
is, A7 is defined as (u,x) € Gr(A=1) if and only if (x,u) € Gr(A) and the resolvent of
A is denoted as Jy = (/+A)_1. It is remarked that Jy : H1 — H; is single valued and
maximal monotone operator provided that A is maximal monotone. Recall that A is said
to be: (i) monotone if (x —y,u—v) > 0 for all (x,u),(y,v) € Gr(A); (i) maximally
monotone if A is monotone and there exists no monotone operatort B : H; — 2%t such that
Gr(B) properly contains the Gr(A); (iii) strongly monotone with modulus @ > 0 such that
(x—y,u—v)>alx—y|?forall (x,u),(y,v) € Gr(A) and (iv) inverse strongly monotone
(cocoercive) with parameter 3 such that (x — y, Ax — Ay) > B || Ax — Ay||°.

Let f : H1 — RU{+o0c} be a proper, convex and lower semicontinuous function and let
g : H1 — R be a convex, differentiable and Lipschitz continuous gradient function, then the
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convex minimization problem for f and g is defined as:

min {£ () + g ()} (21)

The subdifferential of a function f is defined and denoted as:
Of (x)={x"€eHi:f(y) > Ff(x)+ (x",y —x) forall x € Hi}.

It is remarked that the subdifferential of a proper convex lower semicontinuous function is
a maximally monotone operator. The proximity operator of a function f is defined as:

1
proxg : Hi — Hyi : x = argmin (f )+ =z lx— }/||2) .
YEH1 2

Note that the proximity operator is linked with the subdifferential operator such that argmin

(f) = zer (Of). Moreover, proxs = Jgr. Utilizing the said connection, we state monotone

inclusion problem with respect to a maximally monotone operator A and an arbitrary operator
B is to find:

x* € C such that 0 € Ax* 4 Bx™. (2.2)

The solution set of the problem (2.1) is denoted as zer (A + B) .
We now define the concept of (mixed) split equilibrium problem.

Let h: H1 — Ho be a bounded linear operator. Let F: Cx C —Rand G: Q@ x Q@ — R
be two bifunctions, ¢r : C — H; and ¢, : @ — H» be two nonlinear operators. Recall that
a split equilibrium problem (SEP) is to find:

x* € C such that F(x*,x) >0 forall x € C, (2.3)

and
y*=hx"€ Q suchthat G(y*,y) >0forally € Q. (2.4)

The solution set of the split equilibrium problem (2.2) and (2.3) is denoted by
SEP(F):={x"e€ C:x" € EP(F) and hx" e EP(G)}. (2.5)

Let C be a nonempty closed convex subset of a Hilbert space H;. Let C be a nonempty
closed convex subset of a Hilbert space H;. For each x € H;, there exists a unique nearest
point of C, denoted by Pcx, such that

[x — Pex|| < ||x — y|| forally € C.

Such a mapping Pc : H1 — C is known as a metric projection or a nearest point projection of

H1 onto C. Moreover, P satisfies nonexpansiveness in a Hilbert space and (x — Pcx, Pcx — y) >

0 for all x,y € C. It is remarked that P¢ is firmly nonexpansive mapping from 7; onto C,
that is,
|[Pcx — Pcy||2 <{x—y,Pcx—Pcy), forall x,y € C.

Moreover, for any x € H; and z € C, we have z = Pcx if and only if (x —z,z—y ) >0 for
every y € C. The following lemma collects some well-known results in the context of a real
Hilbert space.

The following lemma collects some well-known results in the context of a real Hilbert space.
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Lemma 2.1. [12] The following properties hold in a real Hilbert space H:

L flx = yI2 = lIx[2 = ly[2 = 2(x = y,y) ., for all x,y € Hs;
2. lIx + yl2 < IxIP + 2y, x + y), for all x,y € Ha;

3. Jlax+(1—a)y|? = alx|*+ (1 - a)llyl* — a(l —a)llx — y|? for every x,y € Hy and

w € [0,1].
Lemma 2.2. [14] Let T be an nonexpansive mapping with F(T) # () defined it as for a
closed nonempty convex subset C of a real Hilbert space Hi. we assume that {u,} is a

sequence in C such that u, = v and (I — Tu, — v, then (I — T)u = v. In particular, if
v=0, thenu e F(T).

Asumption 2.3. Let C be a nonempty closed and convex subset of a Hilbert space Hy. Let
F : C x C — R be a bifunction and lower semicontinuous satisfying the following conditions:
(A1) F(x,x) =0 forall x € C;
(A2) F is monotone, i.e., F(x,y)+ F(y,x) <0 forallx,y € C;
(A3) foreach x,y,z € C, limsup,_,o F(tz+ (1 — t)x,y) < F(x,y);
(A4) foreach x € C, y — F(x,y) is convex and lower semi-continuous.

Lemma 2.4. [24] Let C be a closed convex subset of a real Hilbert space Hi and let
F : C x C — R be a bifunction satisfying conditions (Al)-(A4) of Assumption 2.3. Forr > 0
and x € H;, there exists z € C such that

1
F(z,y)—&—?(y—z,z—x} >0, forally € C.
Moreover, define a mapping TF : H1 — C by
1
T,F(X):{ze C:F(z,y)—&—?(y—z,z—X)zO, fora//yGC},

for all x € Hi. Then, the following results hold:

(1) foreach x € Hy, TF #0;

(2) TF is single-valued:;

(3) TF is firmly nonexpansive, i.e.,

for every x,y € Hy,||TFx — T,F)/H2 <(TIx=Tfy.x—y);

(4) F(TF)=SEP(F);

(5) SEP(F) is closed and convex.
It is remarked that if G : @ x Q — R is a bifunction satisfying conditions (Al)-(A4), wher
Q is a nonempty closed and convex subset of a Hilbert space H,. Then for each s > 0 and
w € H, we can define a mapping:

s

TSG(W):{deC:G(d,e)—|—1<e—d,d—w>20, fora//eEQ},

which is, nonempty, single-valued and firmly nonexpansive. Then the following results hold:
1) foreachw € Hy, TS #0;

TS is single-valued;

TS is firmly nonexpansive;

F(TE) = SEP(G);

(

(2
(3
(4
(5) SEP(G) is closed and convex.

— — — —
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Lemma 2.5. [31] Let E be a Banach space satisfying Opial’s condition and let {x,} be a
sequence in E. Let |, m € E be such that lim,_, ||x, — || and limp_co ||xa — m|| exist. If
{xn.} and {xm,} are subsequences of {x,} which converge weakly to | and m, respectively,
then | = m.

Lemma 2.6. [23] Let A: E — E be an y-inverse strongly accretive of order r and B : E — 2F
an n-accretive operator,where E be a Banach space. Then the following inequalities holds:
a) Forc>0, F(TAB) = (A+ B)~1(0).
b) For0<d<c and u€E,|u—T/Bul| <2lu—TAE|.

Lemma 2.7. [25] Let C be a closed nonempty and convex subset of a real Hilbert space H;.
For every r,s € Hi and v € R the set
D={uec C:|s—ul?><|r—ul|?+(z, u)+~} is convex and closed.

Lemma 2.8. Let Pz : H — C be the metric projection from H onto C. Then the following
inequality satisfied:
Iv = Peall? + lu - Peull? < flu—v|?

for all u € H and for all v € C and C be a closed nonempty and convex subset of a real
Hilbert space H.

3. Main results

In this section, we prove some strong convergence theorems of an inertial method with a
forward-backward-forward splitting algorithm for solving the split equilibrium problem together
with the monotone inclusion problem in the framework of Hilbert spaces. Now, We prove the
following strong convergence Theorem.

Theorem 3.1. Let Hy and H, be two real Hilbert spaces. Let F : R xR — R and G :
R xR — R be two bifunctions satisfying Assumption 2.3 such that G is upper semicontinuous.
Let h: Hi — Ho be a bounded linear operator; let A : Hi — 271 be a maximally monotone
operator and let B : ‘Hy — Hi be a monotone and p-Lipschitz operator for some p > 0.
Assume that T = (A+ B)71(0) N Q # 0, where Q := {x* € C: x* € EP(F) and hx* €
EP(G)}, {un} € (0,2), {7} € [0,7], v €[0,3), {ra} C (0,00), with a € (0, {) such that
L is the spectral radius of h*h and {a,}, {Bn} are sequences in [0,1]. For given xo, x1 € Hj
let the iterative sequence {xn},{mn},{un}.{va} and {w,} be generated by

my, = Xp + Vn(xn - Xn—l)r'
up = Bamp + (1 — Bn)Trf(/ —ah*(l - Trf)h)mn,'
Vo = Ju,all = pin B)un;
Wy = Vi — tn(Bv, — Buy);
Corr = {0 € Gyt [lwo — 1)1 < [Ix0 = TII? = 29 (xn = T xo—1 = Xa) + 75l 1Xn-1 — xall}
Xn+1 = Pc,(x0).
(3.1)
Assume that the following conditions hold:

C1 Y5, allxe — xooa ] < 0

C2 0 < liminfp_ oo Bn < limsup,_, . Bn < 1;
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C3 liminf,_yo rn > 0;

C4 0 < liminfp_yoo ttn < limsup,_, o pin < %.
Then the sequence {x,} generated by (3.1) strongly convergence to a point U = Prx.

Proof. We solve this theorem by dividing it into six steps.

Step 1. Show that Pc,,, x; is well-defined for every x € H1. We know that (A+ B)~1(0) and
Q are closed and convex by Lemma 2.4 and 2.6, respectively. From the definition of C,,1 and
from Lemma 2.9 C,,1 is closed and convex for each n > 1. Foreach n€ N and let u € T.
Since we write T, = T/ (I — ah*(/ — TF)h). Note that T, is a quasi-nonexpansive mapping
and J,, 4 is nonexpansive. For simplicity of the algorithm, we write w, = B,v, + (1 — 3,) Tov,
and for every n € N. We have

Ima = 3l> = [x0 =T = Yn(xa-1 — xa) |2
= |xn— a”2 + 7:21“an1 - XnH2 = 29p(Xn — U, Xn—1 — Xn)- (3.2)
Further,
||“n_DH2 = ||a,,m,,+(1—a,,)T,,m,,—ﬁ||2
= |lan(my —0) + (1 — an)(m, — 0)|]?
= [lm, -3
= |xa —ﬁ|\2+fy,%||x,,_1 _Xn”2 = 27n(Xp — U, Xp—1 _Xn>- (3-3)
Furthermore,
Iva =3l = [[Jupa(! = 1B)tn = Jpuall — p1nB)a?

lun — pnBup — (U — ,u,,B/L])H2
= |lup — U~ (unBup — MnBﬁ)H2

< lup =Gl + 43| Bun — BU)|* = 2pn{un — U, Bup — BU)

~ . 2un
< lup = 3l* + 45| Bun — BU)|[*> = ="{|Bu, — Bul|?

p

~ 2
< ||Un_u||2+ﬂn(ﬂn_ ;)||Bu,,—Bﬁ)H2
= |u, -1l
< xn = DHQ + ’Yﬁ”xn—l - Xn”2 = 29n(Xp — U, Xp—1 — Xn). (3.4)

Note that, if T € zer(A 4+ B), then (Bx,)nen converges strongly to the unique dual solution
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Bx [see proof: Theorem 26.14(ii) of [12]], so therefore, Bu, — Bti — 0. So we observe that,

|V — ptn(Bv, — Bu,) — (4 + Bu — Bo)|)?

H(Vn _/‘j) - Nn(BVn - Bun) - (Bﬁ - %)HQ

|(vo — B) — in(Bvn — BT) + 1n(Bun — BT

= |[(va =) — pn(Bva — BU)|[* + pp||(Bun — BT)||?
+2pn((vn — U) = pn(Bv, — Bu), Bu, — Bu)

[(vn = @) — pa(Bva — BU)|[* + p3]| Bu, — Bl?
+24n{Vn — U, Bu, — BU) — 2u2(Bv, — B, Bu, — Bu)
1(va — @) — p5(Bv, — BD)|>

IV = Tl|* + w3 | B — BU||* = 24un(viy — T, By, — BG)

lwn — a2

~ 2
= HVn*U”zJF,“n(Nn*;)”BVH*BX”2
= lva—al?
= |Ix0 =Tl +72lxo—1 = xall* = 279060 = Ty X0—1 — xp). (3.5)

e Gy foralln>1. Henced € Cpyq implies ' C Chyq. Therefore Pc,,,x; is well defined.

Step 2. Next we show that lim,_, ||x, — U|| exists. Since I is nonempty, closed and convex
subset of 1, there exist a unique x* € I such that

x* = Prx;.

From Pc

Xl Cay1 C Gy and Xpq1 € Cpyq, foralln > 1, we get
Ixo = Ul < ||Xp41 —dl|, for all n > 1.
In either case, as [ C C,, we have
lIx, — @l < ||x* —71],for all n > 1. (3.6)

This implies that {x,} is bounded, nondecreasing and well defined, hence

nILrY;o |Ix» — Tl exists. (3.7)

Step 3. Next, we show that x, — 7 € C as n — co. For m > n, by the definition of C,, we
have x, = Pc,x1 € Cy C C,. By Lemma 2.8 we estimate that,

xm = a1 < llxm = Tl1* = Ilxn — @1% (3.8)

Since, limp_ o0 ||xn — U] exists, it follows from (3.8) that lim,_ oo ||Xm — xa|| = 0. Hence, {x,}
is a Cauchy sequence in C and x, — 1 € C as n — 0.

Step 4. Show that lim,_,o, x, = T, where U = Pr(xp). we obtain from (3.1) and Step 3 that,
let U € zer(A + B), that is —Bu € Au. According to the definition of the resolvent, we have

[mn = Xnll = [7nlllXa = Xa—1[[ = 0. (3.9)

as n — 400, ||x, — xp—1|| — 0.
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From (3.1), we get,

||“n_XnH2 = ||CVnmn"‘(1_O‘n)Tnmn_Xn”2
< lan(mn = xn) + (1 = ap)(my, — Xn)H2
< llmn— (310)

Hence,
[Xn41 = Mall < X011 — Xal| + [|Mn — Xal| = 0 as n — oo.

Since, x,11 € C,, we obtain,

||Vn - Xn+1||2 S ||Xn - Xn+1||2 - 2’Yn<Xn — Xn+1, Xp—1 — Xn> + 7,2,||an1 - Xn||2
< X — Xn+1||2 + 2[7allIxn = Xas 1|l [[Xn—1 — Xall
92 |Xn—1 — Xa||? = 0, as n — o0. (3.11)
for all n > 1. So,
nILn;O [[va — xal| = 0. (3.12)
and
llwn — Xn”2 = |[Va = X0 — ptn(Bvs — Bu,,)H2
2
< v — xall? + 422 Bvi — Buy |2 — 722 By, — Buy|?
P
2
< (o= xall® + palpn — ;)”BVH — Buy||?
< |IVa = Xal|? — 0, asn — 0. (3.13)
Similarly,
IWn = Vall < ||Wn — Xn|| + |[Va — Xal] = 0 as n — occ.
Vo — tnll < ||Va — Xnl|| + ||tn — xn|| = 0 as n— co.
lun — mp|| < ||tn — xn|| + ||mn — xa|| = 0 as n — 0.
and

lwp — mp|| < |lwp — mp|| +||mp — Xxal] = 0 as n— oo. (3.14)

Take w, := S,m,, where S, := (I + ,A)"*(/ — p1,B). Therefore,
|Snmp — myp|| = ||wp — mp|| = 0 as n— occ.

Since liminf,_, o 1, > 0, there exist o > 0 such that pu, > o, for all n > 1. Then, by Lemma
2.6, we have,

lim ||Som, — mg|| <2 lim ||S,m, — m,|| = 0.

n—o0 n—o0

By lemma 3.3 and 3.1 of [23], S, is nonexpansive and F(S,) = (A + B)~1(0). Since {x,} is
bounded and H; is reflexive, there exists a subsequence {x,, } of {x,} such that x,, — W € H;.
Using the fact that |ju, — x4|| = 0, as n— oo and x,, = w € H;, we have u,, — w € H;.
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We can therefore make use of Lemma 2.2 to assure that w € I'. If U = Pr(x), it follows
from (3.7), the fact that w € I' and the lower semicontinuity of the norm that,

o —all < lxo—wll <liminf xo — x|
1—00
< limsup x0 — x| < %0 — 3]
i—00
Thus, we have that lim;_ [|xn, — X0l = ||x0 — W|| = ||xo — T||. This implies that x,, = w =

U, i — oo. It follows that {x,} converges weakly to T. So we have,
lIxo — 4|l < liminf|[xo — x|
n— oo

< limsup [[xo — x|l < [0 — @ll.
n—oo

This shows that, lim,_, « [|x, — Xo|| = ||xo —@||. From x, — T, we also have x, —xg — U — xo.

Since H; satisfies the Kadec-Klee property, it follows that x, — xo — U — xg.

Therefore, x, — U as n— oo.

Step 5. First we show that h*(/ — T,(n;)h is a %—inverse strongly monotone mapping. For this,

we utilize the firmly nonexpansive of T,f which implies that (/ — Trf) is a l-inverse strongly

monotone mapping. Now, observe that

[h*(I = TS)hx — h*(I = TS)hy|> = (h*(I = T2)(hx — hy), h*(I = TS)(hx — hy))
(1= T2)(hx — hy), h*h(I — TE)(hx — hy))

< L{(I=TE)(hx — hy), (I = TZ)(hx — hy))
= L= TE)(hx — hy)|?
< Lix—y, h*(I = T2)(hx — hy)),

for all x,y € Hi. So, we observe that, h*(/ — T°)h is a i-inverse strongly monotone.

Moreover,/ — ah*(I — T.°)h is nonexpansive provided a € (0, 1).
Next, we show that v € Q. Setting, z, = T/ (/ — ah*(I — T¢)h)m,. For any U € T, we
consider the following estimate:

ITE (= ah*(1 = T2)hym, — 4>

= |TF(—ah* (1 - TE)h)m, — T]4|?

|mn — ah*(I = TF)hm, —G|]?

[mn — 31> + || h* (1 = T.2)hm,|>

+20(U — my, h*(I — T2)hm,). (3.15)

12, —all?

IN A

Thus, we have
|20 — T/H2 < xa— ﬁH2 + 7:21||Xn—1 - Xn||2 = 29n(Xn — U, Xa—1 — Xp)
+a?(hm, — TEhm,, h*h(I — T.°)hm,)
+2a/(t — my, h*(1 — TE)hmy,). (3.16)
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Moreover, we have
o®(hm, — TEhmy, h*h(I — TE)hm,) < La®(hm, — TS hm,, hm, — TS hm,)
Lo®|\hm, — T2 hm,|[%. (3.17)

Note that
20(T — mp, h*(1 = T2)hm,) = 2a(h(d — m,), hm, — T hm,)

= 2a(h(u — my), (hm, — T,fhm,,)

—(hm, — TEhm,), hm, — TS hm,)
= 2a[(Ap — TEhm,, hm, — TEhm,) — ||hm, — T, hm,|?]
1

< 20‘[§Hhmn - T,fhm,,||2 = [lhm, — Trfhmn||2]

= —a|hm, — TEhm,|J. (3.18)
Utilizing (3.16)-(3.18), we have

|20 — ﬁH2 < lxe — aHz + 7:21||an1 - Xn||2 — 290 (Xp — U, Xp—1 — Xn)
+La?||hm,, — T hm,||? — allhm, — T2 hm, |2
= [Ix0 =Gl + 72 lX0-1 = xall* = 27 {Xn — U, Xn—1 — Xn)
+a(Lla — 1)||hm, — TrfhmnHz_ (3.19)
Note that

Ballmy —1l1* + (1 = Ba)llz0 — I
[l — ﬁ||2 + 75“’%—1 - XnH2 = 29p(Xn — U, Xn—1 — Xn)
+a(La — 1)|[hm, — T2 hm, |2 (3.20)

lun — >

IA A

Moreover, we have

—a(La = V)hm — TSR < xo— IR = lum — T2 + 2201 — 302
=29 (Xn — U, Xp—1 — Xn)- (3.21)

Since a(Lae — 1) < 0, it follows from (3.7), C1 and the above estimate that

lim ||hm, — TEhm,|| = 0. (3.22)
n—oo n
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Note that T/ is firmly nonexpansive and | — ah*(/ — T,2)h is nonexpansive, it follows that

lzo —Tl> = || TS (mn—ah*(I—T2)hm,) — T/ 4|
(TF(my — ah™(1 = TE)hm,) — TS G, m, — ah*(I — T2)hm, — 0)

(zo—U, my—ah™(I— T,f)hm,7 -y

IN

1
Stllzn = Ul* + | mp — ab*(1 = T,2)hm, — a]?
—|lzn = mn + ah™(1 — Trf)hm,,Hz}

1 ~ —~ *
< §{||zn =4[ + [l = Tl* = |20 — mn + ah* (1 - Tf)hm,,”z}
1 ~ ~ *
= il — Gl + |mp =GP = (20 — mall> + || H*(1 = T,2)hmy|?
+2a(z, — my , h*(I— TF)hm,))}.
So, we have
|20 — /‘7||2 < m, _/gHQ —|lza - m,,||2 — 2a(zy — my, h* (I — Trf)hmn>
< lma =001 = l|z0 — mall® 4 2al|zo — ma ||| A" (1 = T2)hm, . (3.23)
This implies that
lon =7 < Ballmo ~ Gl7 + (1~ )z~ G

IN A

Ballmn — a”2 + (1= Ba)(IImn — a”2 —|lzn = m,,||2
+2al|zy — ma|||H*(1 = T.2)hm,|)).

Therefore, we have

(1= Ba)llza — mal?> < |Imn— 13| — ||un, — T2

+20(1 = Ba)l| 20 — ma[[[H*(1 = T2 ) hm . (3.24)

Utilizing (3.2-3.3), (3.22) and (C2), we have

Tim {1z — | = 0. (3.25)
From (3.9) and (3.25), we have
n'LngOHZn*anan*XnH = 0
Tim 20— 30— (m )| = 0
Jim [z, =[] = 0. (3.26)

Letting n — 0O implies that z, — V. Next, we show that v € EP(F). Since, z, = T/ (/ —
ah*(I — TE)h)m,, for any y € C, we have

1
F(zn,y) + —{y — Zn, 2o — 3o — ah*(I = TEhm,)) > 0.
I,

n
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This implies that

1 1
F(va}/) + 7<y —Zn,Zp — Xn> - 7<y - zn,ah*(/ - Trfhmn» > 0.

rn I'n

From the Assumption 2.3(A2), we have

1 1
r—(y — Zny Zp — Xp) — r—(y — 2y, ah*(I = TEhm,)) > —F(zy,y) > F(4, z,).
So, we have
1 1 * G
T<y — Zn;r Zn; _X”i> - T<y - z,,,.,ah (I - Tr,, hmni)> > F(.y’z”i)' (327)

Utilizing (3.22) and (C3), we get that z,, — V. Moreover, utilizing (3.34) and the Assumption
2.3(A2), we estimate
F(y,v) <0, forall y € C.

Let y, =ty + (1 —t)v forsomel >t >0and y € C. Since Vv € C, consequently, y; € C
and hence F(y:, V) < 0. Using Assumption 2.3((A1) and (A4)), it follows that

0 F(th)/t)

< tF(yny) + (1= t)F(ye, V)
< t(F(ye,y))

This implies that
F(y:,y) >0, forallye C.

Letting t — 0 and by, Assumption 2.3 (A3), we get
F(v,y)>0, forallye C.

Thus, v € EP(F). Similarly, we can show that v € EP(G). Since h is a bounded linear
operator, we have hx, — hv. It follow from (3.22) that

TChm, — hv as i — oc. (3.28)
Now, from Lemma 2.4 we have
1
G(TE hmy,y) + —{y- TS hmy,, TE hm,, — hm,,) > 0,

for all y € C. Since G is upper semicontinuous in the first argument and from (3.28), we
have

G(hv,y) >0,
for all y € C. This implies that hv € EP(G). Therefore, v € SEP(F, G) and hence v € T.
This completes the proof.

If we take G = 0 then split equilibrium problem goes to the classical equilibrium problem.
So from (3.1), we get
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Corollary 3.2. Let Hy and Hy be two real Hilbert spaces. Let F : R x R — R be a
bifunctions satisfying (Al)-(A4) of Assumption 2.3. Let A : Hi — 271 be a maximally
monotone operator and let B : H1 — H1 be a monotone and p-Lipschitz operator for some
p > 0. Assume that T = (A+ B)~}(0) N Q # 0, where Q := {x* € C: x* € EP(F)}. For
given xo, x1 € Hy let the iterative sequence {xp},{mn},{un},{vn} and {w,} are generated by

mp = Xp + ’Yn(Xn - anl)r'

up = Bnmn + (]- - ﬂn)Trlimnr‘

Vo = Ju,a(l = pnB)un;

Wy = Vp — pn(Bv, — Bu,);

Copr = {0 € Gyt [lwn = T* < [Ix0 = TlI* = 290 (X0 = T Xo—1 = Xn) + V2 lIXn—1 — xalI?};

Xn+1 = Pc,(x0)-

(3.29)

Let a sequence {x,}52, in H be generated by (3.29), for each n > 1, where {j,} C (0, 2p),
{7} € [0.9], v €[0,3), {ra} C (0,00) and {B,} are sequence in [0,1]. Assume that the
following conditions hold:

C1 Z:il YallXn = Xn—1]| < 00;
C2 0 < liminf,o0 Bn < limsup,_, ., Bn < 1;
C3 liminf,—yoo rn > 0;

C4 0 < liminf,oo ttn < limsup,_, o tn < % < 2p.

Then the sequence {x,} generated by (3.29) strongly convergence to a point T = Prx;.
If we take B := 0 in (3.1), then we obtain the following corollary,

Corollary 3.3. Let H, and H; be two real Hilbert spaces. Let F : RxR — R and G : RxR —
R be two bifunctions satisfying Assumption 2.3 such that G is upper semicontinuous. Let h :
H1 — Ha be a bounded linear operator; let A : Hi — 21 be a maximally monotone operator.
Assume that T = (A)~1(0)NQ # 0, where Q := {x* € C: x* € EP(F) and hx* € EP(G)}.
For given xg, x1 € Hi let the iterative sequence {x,},{mn} {un},{va} and {w,} are generated
by

mp = Xp + 'Yn(xn - Xn—l)r'

Un = Bamn + (1= Ba) TE (1 — ah*(1 — TS)hym,;

Vp = J[LnAunr.

Wy = Vp,

Corr = {0 € Gyt [[wo —TI* < [Ix0 =TI = 2790 (X0 — Ty x—1 — Xn) +7allXo—1 — xal*};

Xnt1 = Pc,(x0)-

(3.30)

Let a sequence {x,}52, in H be generated by (3.30), for each n > 1, where {u,} C (0, 2p),
{va} C[0.7], v €10, 3), {ra} C (0,00), with o € (0, ) such that L is the spectral radius of
h*h and {a,}, {Bn} are sequences in [0,1]. Assume that the following conditions hold:

C1 Z,ﬁi1 VnllXn — xn—1| < o0;

C2 0 < liminfp_yo0 Bn < limsup,_, o Bn < 1;
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C3 liminf,_yo rn > 0;

C4 0 < liminfp_yoo ptn < limsup,_, o tn < 2p.

Then the sequence {x,} generated by (3.30) strongly convergence to a point T = Prx;.

Remark 3.4. we remark here that the condition C1, it is easily applicable in numerical
calculation since the valued of ||x,—xp—1]| is known before choosing 7,. At here, the parameter
~n can be taken as 0 < v, < 7,

P L e O I
" v othrwise,

where {w,} is a positive sequence such that > " w, < oo and 7y € [0, 1).

4. Applications

In this section, we illustrate the theoretical results which we already obtained in previous
section.
Convex Minimization Problem:
Let f : H — R and g : H — R be two convex, proper and lower semicontinuous functions
such that a function § and its differentiable with L-Lipschitz continuous gradient and another
one function g which is sub-differential and it is easily calculated. Assume that w is the set of
solutions of problem (2.1) and w # 0. In theorem 3.3, set that B := V{ and A := 9g. Then,
we compute the following theorem for solving (2.1) in strong convergence with inertial and
split equilibrium problem form.

Corollary 4.1. Let Hy, and H, be two real Hilbert spaces. Let F : C x C — R and
G: Q x Q@ — R be two bifunctions satisfying (Al)-(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h: Hy — Ha be a bounded linear operator. Let A : Hi — 271 be
a maximally monotone operator and let B : H1 — H1 be a monotone and p-Lipschitz operator
for some p > 0. Letf,g: Hi1 — R be two convex, proper and lower semicontinuous functions,
such that a function § which is differentiable with p-Lipschitz continuous gradient and another
function g which is sub-differential and it is easily calculated. Assume that w is the set of
solutions of problem (2.1) and w # 0. Let vy, be a bounded real sequence and i € (0, %)
Assume that T = w N Q # 0, where Q := {x* € C: x* € EP(F) and hx* € EP(G)}. For
given xo, x1 € H let the iterative sequence {xp},{mn},{un},{vn} and {w,} are generated by

mp = Xp + PYn(Xn - anl)r'

Up = Bampy + (1= Bo) TE(1 — ah*(1 — TE)h)m,;

Vo = proxXy,q (I — tn Vi) un,

Wy = Vp — pn(Viv, — Viu,);

Corr ={U € Gyt ||y — TI? < X0 — TIP = 290 (X0 — Ty Xo—1 = Xn) + VallXo—1 — xal*};

X,,+1 = PCN(XO)-

(4.1)

Let a sequence {x,}72 in H be generated by (4.1), for each n > 1, where{pu,} C (0, %)
{7} € [0.7], ¥ €10.1), {ra} C (0,00), with a € (0, }) such that L is the spectral radius of
h*h and {an}, {Bn} are sequences in [0, 1]. Assume that the following conditions hold:

C1 Z;’il AnllXn — Xn—1|| < 00;
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C2 0 < liminfp_yoo Bn < limsup,_, . Bn < 1;
C3 liminf,_o ry > O;

C4 0 < liminf,oo ttn < limsup,_, tn < % < 2p.

Then the sequence {x,} generated by Theorem (4.1) strongly convergence to a point U =
Per.

Split Feasibility Problem: Let #; and H; be two real Hilbert spaces and h: H; — H>
be a bounded linear operator. Let C and Q be closed, convex and nonempty subsets of 7
and Hj, respectively. The split feasibility problem (SFP) is the problem to find X € C such
that SXx € Q. We represent the solution sets by w := CNh™1(Q) = {y € C: hy € Q}.
Censor and Elfving [15] introduced first time it, to solve inverse problems and their application
to medical image reconstruction and radiation therapy and modeling and simulation in a finite
dimensional Hilbert space. Recall C is the function

{ 0, xeC;

be(x) := 00, otherwise.

The proximal mapping of b¢ is the metric projection on C,
proxp. = argmin||p —X||
peC
= Pc(X).

Let h : H1 — H» be a bounded linear operator and h* the adjoint of h. Let Pg be the
projection of 5 onto a nonempty, convex and closed subset Q. Take: f(X) = 1||hx— Pghx||?
and g(X) = bc(X). Then, we compute the split feasibility problem from following theorem in
strong convergence with inertial and split equilibrium problem form.

Corollary 4.2. Let Hy and H, be two real Hilbert spaces. Let F : C x C — R and
G : Q x @ — R be two bifunctions satisfying (Al)-(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : Hy1 — H, be a bounded linear operator. Let A : Hi — 2™
be a maximally monotone operator and let B : H1 — H1 be a monotone and p-Lipschitz
operator for some p > 0. Assume that w is the set of solutions of problem (2.1) and w # 0.
Let 7y, be a bounded real sequence and 1 € (0, ﬁ) Assume that T = w N Q # 0, where
Q:={x*e C:x* € EP(F) and hx* € EP(G)}. For given xp, x1 € H1 let the iterative
sequence {x,},{mn},{un}t.{va} and {w,} are generated by

My = Xp + 'Yn(Xn - anl)r'

Up = Bamp + (1= Ba) TE(1 — ah*(1 = TE)h)m,,

Vo = Pc(l = pnh*(1 = Po)h)un;

Wy = Vi — tn(H*(I = Pg)hv, — h*(I — Pg)huy,);

Copr={U€ G flw, — ﬁ||2 <|lxn — UHQ = 290 (Xn — Uy Xp—1 — Xp) + 'Y%”Xn—l - Xn”z}r'

Xn+1 = Pcn(Xo).

(4.2)

Let a sequence {x,}°2 in H be generated by (4.2), for each n > 1, where{u,} C (0, W)
{va} € [0,7], v €[0,1), {ra} C (0,00), with a € (0, ) such that L is the spectral radius of
h*h and {a,}, {Bn} are sequences in [0, 1]. Assume that the following conditions hold:
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C1 Z:il YnllXn — Xa-1]| < 00,

C2 0 < liminfp oo Bn < limsup,_, . Bn < 1;

C3 liminf,_,o0 ry > 0;

C4 0 < ||m infnﬁoo //Ln S llm Supn%oo /'Ln < ﬁ

Then the sequence {x,} generated by Theorem (4.2) strongly convergence to a point U =
Per.

5. Example and Numerical Results

This section shows effectiveness to our algorithm by following given examples and numer-
ical results.

Example 5.1. Let H; = H, = R, the set of all real numbers, with the inner product defined
by (x,y) = xy, for all x,y € R and induced usual norm |-|. Let F : R x R — R is defined as
F(x,y) =2x(y — x) where x,y € F and let G : R x R — R is defined as G(u, v) = u(v — u)
where u,v € G. For r > 0, we define three mappings h,A, B : R — R are defined as
h(x) = 3x, Ax = 4x and Bx = 3x, respectively. For all x = xg, x; € R and B be a monotone
and p-Lipschitz operator for some p > 0 and A is maximal monotone. Then there exist unique
sequences {x, },{m,}.,{un},{va} and {w,} are generated by iterative method in theorem (3.1).

Choose a = 0.5 ,8 = 155,=7+ F = 1g05—7 L =3 and ;=0.004.

{ min{m, 0.5} if Xy # Xp—1;

0.5 otherwise,
then {x,} conveges strongly.
It is easy to prove that the bifunction F and G satisfy the A;-A; and G is upper semicontinuous.
h is bounded linear operator on R with adjoint opertator h* and ||h|| = ||h*|| = 3. Moreover,
Sol(EP(F) = {0}, Sol(EP(G)) = {0}. Hence I = (A+ B)~1(0) N Q = 0. Now, we solved
this numerical example in six step,
Step 1. Find z € Q such that G(z,y) + (y —z,z— hx) > 0 forall y € Q.

r

Since v, =

G(z,y)Jr%(yfz,z—hx)ZO & z(y—z)+%<yfz,z—hx>20
< rz(y—2z)+ (y —z)(z— hx) >0,
< (y—2)((1+r)z—hx) >0

for all y € Q. Thus, By Lemma 2.4(2), we know that Trth is single-valued for each x € C.
Hence z = -
1+r-

Step 2. Find m € C such that m = x — ah*(I — Tf)hx. From Step 1, we get,

m=x—ah*(l - T,G)hX = x—ah*(l- T,G)hx,
- 3(hx)
= X—Oz(3X—1+r).

3a
= (1-3a)x+ m(hx).
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Step 3.
Find u € C such that F(u,v)+ (v —u,u—m) >0 for all v € C. From Step Two, we have

F(u,v)—!—%(v—u,u—m)zo “ (2u)(v—u)—|—%<v—u,u—m>2
< rRu)(v—u)+(v—u)u—m)>
< (v—u)((1+2r)u—m) >0

_ (1=38a)x 3ahx

for all v € C. Similarly, by Lemma 2.4(2), we obtain u = 1—T2r =T Tt (EREEnE
Step 4.
Formulations for the sequences.
xo=x €R;
mp :Xn+’Yn(Xn _anl); ( )
_ 1-3a)x, 3achx,
tn = oo Mn + (1 = 1o5,77) g - + (1+r()¥(1)ik2r))m"’

_ (1-3s _ s
Vn = (1+4s Xn 1+4s 3X")u"'

w, = v, — 0.004(3v, — 3u,);
Step 5.
Find Cop1 = {0 € Gyt [[w, — aHz < lxn — a||2 = 29Xy — U, Xn—1 — Xn) +’Y§||Xn—1 - Xnuz}-
Since ||w, — T[|? < ||x0 — D% — 290 (Xp — T, Xo—1 — Xn) + V2| Xn—1 — x,,||2} we have

Wy, + Xn

2

<.

Step 6.

Compute the numerical results of x,11 = Pc,,,x1.

We provide a numerical test of a comparison between our inertial forward-backward-forward
method defined in Theorem 3.2 (i.e v, # 0)and standard forward-backward-forward method
(i.e v, = 0). The stoping criteria is defined as E, = ||x,11 — x| < 107%. The different
choices of xp and x; are giving as following:

Table 1. Numerical results for Example 5.1

No. of lter. CPU(Sec)

Yo =0 Y#0 | v=0 Yo # 0
Choice 1. xo = (2) and x1 = (—2) | 18 11 0.044675 | 0.041939
Choice 2. xo = (10) and x; = (2) 29 13 0.051017 0.042856
Choice 3. xo = (1.5) and x; = (2.5) | 24 10 0.043589 | 0.037694

The error plotting E, of v, # 0 and ~, = 0 for each choices in Table 1. is shown in figure
1-3, respectively,
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Fig. 1. Evaluation of iterations for IFBFA and FBFA in Choice 3 of Example 5.1

Conclusion. The main aim of this paper is to propose an iterative algorithm to find

an element for solving a class of split equilibrium problem and inclusion problem in Hilbert
spaces. We introduce a modified inertial forward-backward-forward splitting algorithm and
its convergence theorem for the split equilibrium problem and Inclusion problem in Hilbert
spaces. We also proved there convergence and designed the algorithms by combining the
forward-backward-forward splitting method and the shrinking projection method. Some ap-
plications and numerical example and computational results are implemented for bifunctions,

which are generalized from the split equilibrium problem to illustrate the convergence which
are presented in this paper.
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ABSTRACT

The purpose of this paper is to establish and study an accelerated hybrid
Mann-type algorithm for the fixed point of nonexpansive mappings and
variational inequality problems of monotone operators with the Lipschitz
condition. Based on the Mann algorithm that generates a new iterative
vector by a convex combination of the previous two iterative vectors, the
advantageous behavior in the construction of a new iterative vector was
observed due to the convex combination of three iterative vectors. Fur-
thermore, by combining with the method known as the inertial Tseng's
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extragradient method, the accelerated hybrid Mann-type algorithm was es-
tablished. To demonstrate the efficiency and advantages of this new algo-
rithm, we have created some numerical results to compare the advantages
of different areas with the previous existing results.
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1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - ||. Let
C be a nonempty closed convex subset in H. Let U: H — H be a mapping. A point x* € H is
called a fixed point of U if Ux* = x*. The set of fixed points of U is denoted by Fix(U).

A mapping U : H — H is said to be nonexpansive if ||[Ux — Uy| < ||x — y| for all x,y € H.
A mapping U : H — H with Fix(U) # 0 is said to be quasi-nonexpansive if ||Ux — p|| < ||x — p||
for all x € H and p € Fix(U).

Iterative method of fixed points of quasi-nonexpansive mappings has been studied and ex-
tended by many authors (see, for example, [9-12, 26, 33]). Notice that every nonexpansive map-
ping with a nonempty set of fixed points is a quasi-nonexpansive. It is well know that the fixed
point problem for the mapping U : H — H is as follows:

Find x* € H such that Ux* = x*.

Most of the problems in nonlinear analysis can be changed the forms to be the problems of finding
a fixed point of a nonexpansive mapping and its generalizations. In 1953, Mann [22] created and
introduced the explicit iteration procedure for a nonexpansive mapping as follows:

n>0,

(1.1)

Xn+1 = MnXp + (1 - Hn)Uan

This is an open access article under the Diamond Open Access.

Please cite this article as: P. Thammasiri and K. Ungchittrakool, Accelerated Hybrid Mann-type Algorithm for Fixed
Point and Variational Inequality Problems, Nonlinear Convex Anal. & Optim., Vol. 1 No. 1, 97-111.




98 P. Thammasiri and K. Ungchittrakool

o0
where {pp} C (0,1) satisfying > pin(1 — pn) = oo if Fix(U) # 0, then the sequence {x,}
n=1

generated by (1.1) converges wealay to a fixed point of U.
Let F : H — H be an operator. The variational inequality problem (VIP) for F on C is to
find a point x* € C such that

(Fx*,x —x*) >0, V¥xeC. (1.2)

The solution set of VIP (1.2) is denoted by VI(C, F). Variational inequality problems are funda-
mental in a broad range of mathematical and applied sciences; the theoretical and algorith-
mic foundations as well as the applications of variational inequality problems have been ex-
tensively studied in the literature and continue to attract intensive research, see for instance
[2,13,18,19,23,36,37,39] and the extensive list of references there in.

There are several methods for finding the a common solution of fixed point and variational
inequality problem such as the projected gradient method, extragradient method, subgradient
extragradient method. Many authors have discovered and introduced several iterative methods
for solving VIP (1.2). One of the easiest methods is the following projection method, which can
be seen as an extension of the projected gradient method for optimization problems:

Xnt1 = Pc(xn — TFxp) (1.3)

where Pc is denoted by the metric projection from H onto C. Convergence results for (1.3)
need F to be Lipschitz continuous with Lipschitz constant L and a—strongly monotone and
7 € (0, (2a/L2)). In [16], He et al. showed that if the strong monotonicity assumption is relaxed
to the monotonicity, then the projected gradient method may diverge. Note that, method (1.3)
also works for strongly pseudo-monotone VIPs and co-coercive VIPs. To deal with the weakness of
the method defined by (1.3). Korpelevich [20] proposed the extragradient method. The method
is of the form:

x0 € C, Yn=Pc(xn—TFxn), Xnt1 = Pc(xn — TFyn) (1.4)

where F : H — H is L—Lipschitz continuous and monotone, 7 € (0, (1/L)). Korpelevich showed
that if VI(C, F) is nonempty then the sequence {x,} generated by (1.4) converges weakly to
an element of VI(C, F). To see the variant forms of the method (1.4), the reader could refer
to the recent papers of He et al. [17], Gérciga Otero and luzem [14], Solodov and Svaiter [28],
Solodov [27]. Recently, Censor et al. [6-8] introduced the subgradient extragradient method as
follows:

Yn = Pc(xn — TFxn), Xnt1 = P1,(Xxn — TFyn) (1.5)

where T, = {x € H| xo, — TFXp — Yn,x — yn < 0} and 7 € (0,(1/L)). In method (1.5), they
replaced two projections onto C by one projection onto C and one onto a half-space.

In [35], Tseng presented the extragradient method as follows:
Yn= Pc(xn — TFxn), Xnt1 =Yn — T(Fyn — Fxn). (1.6)

The method (1.6) and subgradient extragradient method need only to compute one projection
onto C in each update. Later, the method (1.6) has gained attention and popularity to solve VIP
from many authors (see, e.g. [4,30,31,34,38] and the references therein).

In 2019, Thong and Hieu [32] introduced some Mann-type algorithms for variational inequality
and fixed point problems. They obtained new theorems and good behavior of the numerical results.
One of the interesting main theorems is stated as follows:

Theorem 3.1. Let F : H — H be a monotone and L—Lipchitz mapping on H. Assume that
the sequence {pun} C [0, ], p < % is non-decreasing and {a,} C (o, 0.5], @ > 0 is a sequence
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of real numbers. Let A € (0, (1/L)) and U : H — H be a quasi-nonexpansive mapping such
that / — U is demiclosed at zero and Fix(U) N VI(C,F) # @. Let xo, x1 € H, the sequence
{xn} is defined by

Wp = Xp + /Ln(Xn - Xn—l)y

Yn = PC(Wn - )\FWn),

Zn = Yn — )\(FYH - FWH)v

Xnt1 = (1 — an)wp + apUz,.

Then the sequence {x,} converges weakly to an element of Fix(U) N VI(C, F). Notice that the
term pn(x, — xp—1) is called an inertial extrapolation term by making use of the previous two
iterates x, and x,_1. The inertial extrapolation term p,(x, — xp—1) is employed in algorithm for
the purpose of speeding up the rate of convergence of the algorithm. The vector (x, — Xp—1) is
acting as an impulsion term and pu, is acting as a speed regulator (see, e.g. [21,25]).

On the other hand, for observing the above method especially for the last line updating, we
found an anonymous example in the Euclidean space R? that provides some advantage geometrical
structures of the convex combination of the previous three iterative vectors; w,, z,, Uz,, for
updating the new iterative vector x,t1. It can be illustrated via the figures as below:

7 7

1 o 1 2 3 4 5 6 7 1 ) 1 2 3 4 5 6 7

Fig. 1. xpy1 lies on a straight line Fig. 2. x,11 lies on a triangle formed
formed by a convex combination of by a convex combination of three vec-
two vectors w,, and Uz,. tors wy, z, and Uz,.

It is explained by the visual indication of the geometric structure from Figure 1 and Figure 2
that the new vector x,41 that obtained form the convex combination of three iterative vectors is
likely to provide better performance than the convex combination of two iterative vectors.

Motivated by the directions mentioned above, in this paper, we aim to introduce and study a
new accelerated hybrid Mann-type algorithm by using the convex combination of three iterative
vectors for finding a solution of fixed point and variational inequality problems in the framework
of Hilbert spaces. Further, we intend to establish some numerical experiments to illustrate the
behavior of the new obtained algorithm. For representing the advantage of the main results, we
have created some numerical results to compare advantages of different areas with the previous
existing results.

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The weak
convergence of {x,}52; to x is denoted by x,—x as n — oo while the strong convergence of
{xn}52; to x is written as x, — x as n — co. For each x,y,z € H and «, 3,7 € R such that
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a+ [ +v=1, we have
2 2 2 2 2 2 2
lloax + By +vz||” = allx||” + Blly " +lzlI” — aBllx = y|I” — ayllx = z[I” = Blly — 2|".
(2.1)

For each point x € H, there exists the unique nearest point in C, denoted by Pcx such that
Ix = Pex|| = infCHx -yl <|lx=¥ll, Vy e C. Pcis called the metric projection of H onto
ye

C. It is known that P¢ is nonexpansive.

Lemma 2.1. [3,5,15] Let C be a nonempty closed convex subset of a real Hilbert space H.
Givenx € Handze€ C. Thenz=Pcx < (x—z,z—y)>0, VyeC.

Lemma 2.2. T31,T32,T33 Let C be a closed and convex subset in a real Hilbert space H, x € H.
Then

(1) |Pcx = Peyl|? < (Pcx — Pey,x —y), Vy€eC;

(2) 1Pcx = y|I? < Ix = y|I* = lIx = Pex|?, ¥y € C.
Definition 2.3. [3,5,15] Assume that T : H — H is a nonlinear operator with Fix(T) # 0.

Then | — T is said to be demiclosed at zero if for any {x,} in H, the following implication holds:
xp—=xand (I-=T)x, >0 = x€Fix(T).

Definition 2.4. [3,5,15] Let T : H — H be an operator. Then

= T is called L—Lipschitz continuous with L > 0 if
[Tx =Tyl <lx=yl. Vxy€H.

= T is called monotone if
(Tx— Ty, x—y) >0, Vx,y€H.
Lemma 2.5. [1] Let {¢n}, {0n} and {an} be sequences in [0, + oo) such that

400
¢n+l < ¢n + ap (¢n - anfl) + 6/1: Vn>1, Z(Sn < +0o0,
n=1
and there exists a real number o with 0 < o, < @« < 1 for all n € N. Then the following hold:

(1) +200 [Pn—@n-1]+ < +o00, where [t]} := max{t,0};
n=1

(2) there exist ¢* € [0, +00) such that nﬂr_‘poo on = 0",
Definition 2.6. Let H be a real Hilbert space. Then the set
{ze H | 3{xn,} C{xn} such that x, — z}
is called the set of all sequential weak cluster point of {x,}.

Lemma 2.7. [24] Let C be a nonempty set of H and {x,} be a sequence in H such that the
following two conditions hold:

(1) for every x € C, lim ||x, — x|| exists;
n—oo

(2) every sequential weak cluster point of {x,} is in C. Then {x,} converges weakly to a point
in C.
Lemma 2.8. [29] Assume that F : C — H is a continuous and monotone operator. Then x* is
a solution of (1.2) if and only if x* is a solution of the following problem:

find x € C such that (Fy,y —x) >0, Vye C.
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3. Main Results

In this section, we introduce the new Mann-type algorithm called the accelerated hybrid
Mann-type algorithm for solving some fixed point problems of a quasi-nonexpansive mapping and
variational inequality problems of a monotone and L—Lipchitz mapping in the frame work of real
Hilbert spaces.

Theorem 3.1. Let F : H — H be a monotone and L—Lipchitz mapping on H. Assume that
the sequence {un} C [0, 1], p < % is non-decreasing, {c,} C («,0.5],a > 0, {8,} € [0,0.5]
and {v,} C [0.5,1) is a sequence of real numbers. Let X\ € (0, (1/L)) and U : H — H be a
quasi-nonexpansive mapping such that | — U is demiclosed at zero and Fix(U) N VI(C,F) # @.
Let x9, x1 € H, the sequence {x,} is defined by

Wp = Xp + ;Ufn(Xn - anl)x

Yn = PC(Wn - /\FW,,),

Zn = Yn — )‘(FYn - FWn)v
Xn1 = YaWn + Bnazn + anUz,,

(3.1)

where an + Bn + vn = 1. Then the sequence {x,} converges weakly to an element of Fix(U) N
VI(C, F).

Proof. We split the proof into three claims. Let x* € Fix(U) N VI(C, F).
Claim 1.

lzo = XIP < flwn = x| = (1 = XL)llyn — wal’, VneN. (32)
We have

10 = x*[1* = llyn = A(Fyn — Fwa) = x"||?
= llyn = x"|* + N[ Fyn — Fwal* = 2X{yn — X", Fyn — Fwy)
= llwn = X[ + [[w = yal® +2 (yn — Wy, wy — x*)
+ N Fyn — Fwal|* = 2X(yn — X", Fyn — Fwy)
= llwn = x> + [[wn = yall® = 2 (yn = Wn, yo — wa)
+2(Yn = Wn, Yo — X7) + N[ Fyn — Fw,|?
—2X(yn — x*, Fyn — Fw,)
= ||wp — X*H2 — [lwn — )’n”2 +2(Yn — W, yn — x)
+ N2|[Fyn — Fwall® = 2X\(yn — x*, Fyn — Fwy). (3.3)
Since yp = Pc(wn — AFw,), we get

(Yn— Wn + AFwp, yp —x*) < 0,

equivalently
(Yn — Wi, yn — xX*) < =X (FWp, yn — x*). (34)

Combining (3.3) and (3.4), we obtain
20 = x*2 < |wa = x> = |wn = yall* = 2\ (Fwa, yo — x7)
+ N2[|Fyn — Fwall* = 2)\(yn — X", Fyn — Fwp)
= |lwy — X*HQ — [lwp — }’n”2 + )\2||Fy,, - FWnH2 —2X(yn — X", Fyn)
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< lwn = x*|2 = [[wa = yal* + N2L2|lyn — wa|?
—2X\(yn — x*, Fyn — FxX™) = 2X(yn — x™, FX™)
< lwn = X2 = (1= N2L2)|lyn — wal*.

Claim 2.
lim ||Uz, — z,|| = 0.
n—oo

From (3.2), we have
llzn =" < [lwn = X7

Consider ||xp+1 — w,,H2 = ||[YaWn + Bnzn + anUz, — W,,H2 and (2.1), we have

lIXn+1 — WnH2 = |VnWn + Bnzn + anlUz, — WnH2
= [7n(Wn = Wn) + Ba(zn — Wa) + an(Uzy — wi) ||

< BnHzn - WnH2 + OCnHUZn - Wn||2-

2

Using (2.1) and (3.7) we have

[Xn+1 — X*|* = | ¥aWn + Bnza + anUz, — x*|?
= [7n(Wn — x*) + Bn(zn — x*) + an(Uzy — x*)||?
= nllwa — X" 7 + Ba |20 — X7 + cva| Uzp — x|
— YnBnllzn — WnH2 — Yntn||Uz, — WnH2 — Bnan|| Uz, — z,,||2
< nllwa = x*[2 + Ba llza = x*|* + anllza — x*|?
— YnBallzo = wal|* = vnctnl| Uzn — wall® = Bpctal| Uz — 20|
< llwn = 5 + Ba llwn — x|+ cun|wn — x|
— YnBallzn — Wall® = Ynenl| Uzn — Wall* = Bactn||Uzp — 2o
= W — X" 1> = ¥nBallzn — Wall* = Ynera| Uza — wa||?
— Bnoinl|Uzy — 2y
< Iwn = x* > = nBallzn — Wall* = vneenl| Uzn — wall?

= [|wp — X*”z —n (ﬂnHZn - WnH2 + ay|| Uz, — WnHZ)
< HWn - X*l|2 - 'YnHXn+1 - Wn||2-
Moreover
lIwn = x* 12 = [[(1 4 pn)(Xn = X*) = pin(xn-1 — x*)|°
= (L + pn)llxn — X*HZ — HnllXa—1 — X*H2 + pn(1 + pn) |0 — Xn—IHZ-
We also have
| Xa41 — Wn||2 = |IXa+1 — Xn — pin(Xn — anl)H2

= [[Xnt1 — XnH2 + M%||Xn - Xn71H2 — 24n (Xn41 — Xn, Xn — Xn—1)

> ||Xn+1 - XnH2 + M%||Xn - anlH2 —2pp HXn+1 - XnH HXn - anlu

2 2
> (1= pn)lIXns1 — xal|” + (l‘% = )l xn — Xn—1|".

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Combining (3.8), (3.9) and (3.10) we obtain

xne1 = X1 < (14 )0 = X" |2 = paallxa—1 = x*[1% + (1 + pan) 2l x0 = xo-1]?
= Yn(L = ) X1 = xall® = Ya (12 = 1) X0 = xo-1|?
= (L+ pn)llxn = X1 = pallxn-1 = X*II2 = vn(L = pn)l[xn 1 = xa|?
(1t + 15 = bty + Yottn) X0 = Xo—1]1®
< (L4 pn)llxn — X*HQ = fnllXn—1 — X*H2 = Yn(L = pn) X041 — XnH2
(1 =)+ (L + 3 )ttn) X0 = X1
< (L4 )30 = X% = paalxn—1 = X712
= Yn(L — pn) X041 — XnH2 + 24tn||xn — anle
< (L4 png1)lIxn — X*||2 = tinllXn—1 — X*HZ
= V(1 = pn) X041 — XnH2 + 2pn||xn — Xn—le- (3.11)
This follows that
[[xnt1 — X*”Z = ntal|Xn — X*Hz + 2ptns1l[xnt1 — Xn”2
< o = X711 = pallxa—1 = x|
+ 2pn X0 — Xn—1H2 + 2ny1Xny1 — Xn||2 = ¥n(1 = pn)||Xn g1 — Xn||2-
Put Ay == [xo — x*||* = ptnllxo—1 — x*||* + 2| xn — xn—1]|%. We get
Anst = Ao < =(1n(1 = fin) = 2pine1) | xns1 = xal|*.

It follows from p, < p < % that v,(1 — pn) — 2pn41 > 0.5—2.5u > 0. Therefore, we obtain
Api1— Ny < =6||Xnt1 — xal> <0 (3.12)
where § = 0.5 —2.5u. This implies that the sequence {A,} is nonincreasing. And we have
A = |lxn — X*Hz = tinllXn—1 — X*”z + 24tn||xn — Xn—1||2
> Jxn = x*|1? = paallxa—1 = x*|1%.
This implies that

[[xn — X*Hz < HnllXo-1 — X*HZ + An

< pllx-1 = x** + Ay
<< pxo =X MET D)
< Wllxo —x*|2 + 1’fu. (3.13)
We have
Npi1 = |[Xn41 — X*”Z — Hnt1l[xn — X*Hz + 2ftnt1[Xnt1 — X*Hz
> il — x°IP. (3.14)

From (3.13) and (3.14) we obtain

A
< un+1||X0 _X*HZ + 1/4L_u )

2

“Anr1 < pngallxn =X <l — x|
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It follows from (3.12) that

k
. A
92 lhs ol < A= My < o I+ T
A
< o = x*|* + :
1—p
This implies
> lxnsr — xal® < +o0. (3.15)
n=1
We obtain
i lxnia = x| = 0. (3.16)
We have
[Xn+1 = Wall = [IXn41 = Xn — pn(Xn — Xp—2) | < X041 = Xnll + 20 [[X0 = Xn—1]]
< lxnr = xall + pllXn — Xn—a] - (3.17)
From (3.16) and (3.17) we obtain
i [lxeia = wal| = 0.
From (3.11) we get
bns = X% < (L4 )30 = X712 = pnllxa—1 = 711 + 2l x0 = 1. (3.18)
By (3.15), (3.18) and Lemma 2.7 we have
nln;OHX,,—X | =1 (3.19)
And by (3.9) we obtain
nIi_)ngOHW,, —-x" =L (3.20)
We also have
0 < ||xn — wal| < pl|Xn — xn—1|| — 0. (3.21)

From

([Xn+1 — X*H2 < Ynllwn — X*H2 + Bnllzn — X*H2 +an||Uz, — X*H2

A

Ynllwn — X*Hz + Bnllzn — X*H2 +anllzn — X*”2
(1= (an =+ Bn))llwn — X*”z + (o + Bn)llzn — X*Hz-

This implies that

Ixarn = x*||2 = [l wn — x*|1?

20 — x| > + llwn —x"|1?

(an"!‘ﬂn)
w2 o2
HXHJrl X H ”W" X “ + ||Wn _X*H2. (322)
e
It implies from (3.19), (3.20) and (3.22) that
lim [lzo — x*|> > lim [jw, — x*||* = 1. (3.23)
n—o0 n—o0
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By (3.7) we get

lim [|zo —x*[*> < lim |lw, —x*|? = 1. (3.24)
n—o0 n—o0
Combining (3.23) and (3.24) we obtain
lim ||z, — x*|*> = 1.
n—oo

From (3.5) we have
(1= 2Ly = wall* < flwn —x"[* = [|20 — X"

This implies that

n"_?go [yn = wal = 0. (3.25)
It also holds
120 = yull = AlFyn = Fwall < ALllyn = wall — 0. (3.26)
Combining (3.25) and (3.26) we obtain
lim_ l|zn — wa| = 0. (3.27)
From
1
Uz, — wp = — (Xn+1 — Wy — Bn(2n — wn))
Qp
we have
1 1 B
Uz — wa| = o (Xn+1 = Wn = Bn(zn — wn))|| < o l[xn+1 — wall + o l[zn — wall .~ (3.28)

From a, > a, it follows from (3.16), (3.27) and (3.28) that
nanchUZ"_ wyl| = 0. (3.29)
Combining (3.27) and (3.29) we obtain
[Uzn — zo|| < [[Uzn — wal| + ||z — wal| — 0.

Claim 3. The sequence {x,} converges weakly to an element of Fix(U) N VI(C, F). Indeed,
since {x,} is a bounded sequence, there exists a subsequence {xu,} of {x,} and z € H such that
Xp,—2z. By (3.21) we get w,,, —z and by (3.27) z,,—z. It follows from (3.6) and demiclosedness
of | — U that z € Fix(U).

From yn, = Pc(wn, — AFwy,) and F is monotone, we have for every x € C that

O S <.yl7k - Wnk + /\FWnkvX _}/nk>

= <y”k - Wpny, X _y”k> + )‘<FW";<'X _.y"k>

= (Yne = Wi, X = Y, ) + A (FWa, Wn, — Y, ) + A (FWn,, x — wp,)

< <.y'7k - Wny, X _ynk> + /\<FW"k' Wiy _ynk> + )‘<FXrX - Wnk> '
Passing to the limit, we get

(Fx,x —z) > 0 ¥x e C.
By Lemma 2.8 we have z € VI(C, F). Therefore, we have shown that for every x* € Fix(U) N
VI(C, F), lim ||x, — x*|| exists and each sequential weak cluster point of sequence {x,} is in
n—oo

Fix(U) N VI(C,F). By Lemma 2.7 the sequence {x,} converges weakly to z € Fix(U) N
VI(C, F). ]
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Corollary 3.2 (Thong and Hieu [32, Theorem 3.1]). Let F : H — H be a monotone and
L—Lipchitz mapping on H. Assume that the sequence {p,} C [0, u], p < % is non-decreasing,
{an} C (,0.5], @ > 0 is a sequence of real numbers. Let \ € (0, (1/L))andU : H— H bea
quasi-nonexpansive mapping such that | — U is demiclosed at zero and Fix(U) N VI(C,F) # @.
Let xo, x1 € H the sequence {x,} is defined by

Wp = Xp + Nn(xn - anl)

¥Yn = Pc(w, — AFw,)
Zn:)/nf)‘(FyanWn)
Xnt1 = (1 — ap)wy + apUz,.

(3.30)

Then the sequence {x,} converges weakly to an element of Fix(U) N VI(C, F).

Proof. If we set 8, =0 for all n € N, then 7, = 1 — ;. Therefore, Theorem 3.1 can be reduced
to Corollary 3.2 as required. |

4. Numerical Experiments

In this section, we compare the advantages of the new algorithm with the previous exiting
algorithm introduced by Thong and Hieu [32, Theorem 3.1].

Example 4.1. [32] Let H =R, C = [-2,5] and F : R — R be given by
Fx 1= x — 3+ sin(x — 3)

and U : R — R be given by

o= 22 e m,
? ].
The solution of the problem is x* = 3. The stopping criterion is defined by Error =

IXa+1 — Xxal| < 107*. Choose xo = 5 and x; = 4. Figure 3 and figure 4 show a comparison of
the numerical behavior of an accelerated hybrid Mann-type algorithm (3.1) with an advantage
over Mann-type algorithm (3.30).

045 ¢ —&— Mann

Hybrid Mann

04

035

03

025 ¢

Error

015 ¢

0.1+

0.05 -

0 5 10 15 20 25
number of iteration

Fig. 3. Convergence behavior of {x,} of Example 4.1.
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) i
. N
39l Hybrid Mann
i

20 25
number of iteration

Fig. 4. x—update converges to solution x* of Example 4.1.

Example 4.2. [32] Consider a nonlinear operator F : R? — R2? defined by
F(x,y) = (x+y+sinx,—x+y +siny)
and the feasible set C is a box defined by C = [-2,5] x [-2,5]. Let E be a 2 x 2 matrix defined

by
10
E_<02>.

Mapping U : R? — R? by Uz = ||E||"Ez, where z = (x,y)T. The solution of the problem
is x* = (0,0)7. The stopping criterion is defined by Error = |x,11 — xa|| < 107*. Choose
xo=(7,7)7 and x; = (4,3)". By using this example, Figure 5 - Figure 9 show the advantage of
(3.1) via numerical results.

X, X
7 0 7 0
6 6
5 s
4 4
X 1
3 &1 3 .
] w,
X Xrir)ﬁ?fz B ="
A Uz, s X5” ) u:,/z%
{027 %X 58
X110 v,
2 &7
o> xa
1 5
1 Vo7 d
o
&/
Z]
2
oty
Y ) 1 2 3 4 5 3 7 T B { f i f i i {

Fig. 5. The behavior of each x-update which Fig. 6. The behavior of each x-update which

lies on a straight line formed by a convex com- lies on a triangle formed by a convex combi-

bination of two iterative vectors w,, and Uz,. nation of three iterative vectors w,, z, and
Uz,.
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—=— Hybrid Mann
—— Mann

20 40 60 80 100 120 140 160
number of iteration

Fig. 7. Convergence behavior of {x,} of Example 4.2.

20 40 60 80 100 120 140 160

number of iteration

Fig. 8. Mann-type: x-update converges to solution x* = (0,0)7 of Example 4.2.

Fig. 9.

X-update

35

25

’(Y
B

i\

| X

%

I \'\*% 5650

E) 1‘0 1‘5 26 2‘5 :;0 3‘5

number of iteration

Hybrid Mann-type: x-update converges to solution x* = (0,0)7 of Example 4.2.
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5. Conclusions

We introduced and studied the new Mann-type algorithm which is called the accelerated hybrid
Mann-type algorithm and established the main theorem as follows:

Theorem 3.1. Let F : H — H be a monotone and L—Lipchitz mapping on H. Assume that
the sequence {y,} C [0, ], 1 < & is non-decreasing, {an} C (,0.5],a > 0, {B,}  [0,0.5]
and {y,} C [0.5,1) is a sequence of real numbers. Let A € (0, (1/L)) and U : H — H be a
quasi-nonexpansive mapping such that / — U is demiclosed at zero and Fix(U) N VI(C, F) # @.
Let xo, x1 € H, the sequence {x,} is defined by

Wp = Xp + ,Ufn(Xn - anl)y

Yn = PC(Wn - A,:Wn)v

Zn = Yn— MFyn— Fw,),
Xp+1 = YnWn + ann + apUz,

where a, + B + vn = 1. Then the sequence {x,} converges weakly to an element of Fix(U) N
VI(C, F).

The above theorem not only extends the theoretical concepts of the previous research work,
but also provides numerical results that have an advantage over the previous work proposed by
Thong and Hieu [32, Theorem 3.1]. It can be clearly seen in section 4 of this paper.
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