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ABSTRACT

This paper presents a novel relaxed CQ algorithm for solving the
multiple-sets split feasibility problem with multiple output sets (MSSF-
PMOS) in infinite-dimensional real Hilbert spaces. The proposed
method replaces the projection to half-space with the projection to the
intersection of two half-spaces, resulting in accelerated convergence by
utilizing previous half-spaces. The present study introduces a novel al-
gorithm that dynamically determines the stepsize, without any a priori
knowledge of the operator norm required. Furthermore, the algorithm
is proven to exhibit strong convergence to the minimum-norm solu-
tion of the MSSFPMOS. Finally, a number of numerical experiments
have been conducted to showcase the impressive performance of the
proposed algorithm.

1. Introduction
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Let H; and H, be two real Hilbert spaces. Let F : H; — H, be a bounded linear operator
and F* : Hy — Hj be its adjoint. The split feasibility problem (SFP, for short) is to find a

point
u* € C such that Fu* € Q,

(L.1)

where C and @ are non-empty, closed, and convex subsets of H; and H,, respectively.

Due to it's practical application, the SFP has received a great attention by many re-
searchers, and several generalizations of it have been studied by many authors, see, for in-
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stance, the multiple-sets split feasibility problem (MSSFP) [7], the split feasibility problem
with multiple output sets (SFPMOS)[17], the split variational inequality problem (SVIP) [5].

Let H; and H, be two real Hilbert spaces. Let F : H; — H, be a bounded linear operator
and F*: H, — H; its adjoint. The multiple-sets split feasibility problem (MSSFP, for short)
consists of finding a point u* € H; such that

n m
u* € ()G such that Fu* € (] @,
i=1 j=1
where (i, ..., C, and @y, ..., @, are non-empty, closed, and convex subsets of H; and Ha,
respectively and n > 1 and m > 1 are given integers.

The MSSFP, a general way to characterize various inverse problems arising in many real-
world application problems, such as medical image reconstruction and intensity-modulated
radiation therapy is to find a point in the intersection of a finite family of closed convex sets
in one space such that its image under a linear transformation belongs to the intersection of
another finite family of closed convex sets in the image space.

In the present study, we address the following problem in infinite-dimensional real Hilbert
spaces.

Let H, H;, j =1,2,..., m, be real Hilbert spaces and let F; : H — H;, j =1,2,..., m, be
bounded linear operators. The multiple-sets split feasibility problem with multiple output sets
(MSSFPMOS, for short) is to find an element u* such that

U e = (m,v:l c,-) N (m;":l Fj—l(Qj)) £ (1.2)

where G, i =1,2,...,n,and Q;, j = 1,2,..., m, are non-empty, closed, and convex subsets
of Hand H;, j =1,2,..., m, respectively, n,m > 1 are given integers. That is, u* € C; for
eachi=1,2,...,n and Fju* € Q; foreach j=1,2,..., m.

When considering the specific scenario where n = m = 1, the MSSFPMOS (1.2) simplifies
to the more focused SFP (1.1) [2, 3, 6].

The SFP was initially introduced by Censor and Elfving [6] as a mathematical framework
for addressing inverse problems in finite-dimensional Hilbert spaces. This problem formulation
has found applications in various areas, including phase retrievals and medical image recon-
struction, enabling the development of effective algorithms and techniques in these fields. The
SFP has also attracted significant attention, leading to the development of various iterative
methods for its solution. Several references [15, 2, 8, 16, 19, 21, 22, 23, 24, 25, 26, 30] and
others provide insights into these iterative approaches. However, the initial algorithm proposed
by Censor and Elfving [6], which relied on computing the inverse of F at each iteration, did
not gain much popularity.

A more widely adopted algorithm for solving SFP is the CQ algorithm introduced by Byrne
[2]:

upy1 = Pe(uy — AF™(I — Po)Fuy), (1.3)
where P¢ and Pg are the metric projections onto C and Q, respectively, F* is the adjoint of
F, and the stepsize A € (0, 2||F|[72). Xu [23] proved the weak convergence of (1.3) in the
framework of infinite-dimensional Hilbert space. To acquire strong convergence, Wang and
Xu [20] presented an alternative method:

uer1 = Pe((1 = o¢)(ue — NF*(I — PQ)Fuy)), (1.4)
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where X € (0, 2[|F|72) and {5:} C (0,1) such that Jim o = 0; Yoo loe — o] < 0.
oo

They proved that the sequence {u;} generated by (1.4) converges strongly to the minimum-
norm solution of the SFP (1.1). Later, Yu et al. [27] proved that {u:} generated by (1.4) is
strongly convergent without the assumption Y2 [0¢+1 — 0| < 0.

The CQ algorithm, classified as a gradient-projection method (GPM) in convex mini-
mization, gained recognition due to its ability to avoid the computation of the inverse of F.
However, implementing this algorithm requires prior knowledge of the operator norm ||F|],
which can be challenging to estimate accurately due to its global invariance. Additionally,
computing a projection onto a closed convex subset is generally a nontrivial task.

To overcome these challenges, Fukushima [10] proposed a method to compute the pro-
jection onto a level set of a convex function by iteratively projecting onto half-spaces that
contain the original level set. This idea was extended by Yang [24] and Lopez et al. [14]
to solve SFPs in finite- and infinite-dimensional Hilbert spaces, respectively. Their research
focused on SFPs where the sets C and Q are represented as sublevel sets of convex functions
with bounded subdifferential operators. To be specific, the sets C and @ are defined by

C={ueH :c(u)y<0} and Q={veH:q(v) <0} (1.5)

where ¢ : H; — R and g : H, — R are convex and differentiable functions. Given the iterative
point v, Yang [24] constructed the super sets (half-spaces) C; and Q; of the original set C
and Q, respectively. The half-spaces C; and Q; are defined by

Co={u € Hy:c(up) + (&, u—u) <0}, where & € Oc(uy), (1.6)
Q: ={v € Hy: q(Fur) + (n:, v — Fur) <0}, where n, € Oq(Fue). (L.7)

Yang [24] introduced a relaxed CQ algorithm of the form:
UH,]_:Pct<ut—)\F*(l—PQt)FUt), (18)

where A € (0, 2||F[|72) and a weak convergence of it is proved.

However, it should be noted that the stepsize A in equation (1.8) is dependent on the
operator norm ||F|| or its estimation, which is typically a complex calculation. To circumvent
this issue, numerous self-adaptive stepsizes have been developed. Specifically, Lépez et al.
[14] introduced a relaxed version of the CQ algorithm based on Yang's relaxed CQ algorithm
for solving the SFP, where closed convex subsets C and @ are considered as level sets of
convex functions. They proposed an adaptive approach to determine the stepsize sequence,
addressing a limitation in the original relaxed CQ algorithm proposed by Yang [24]. In the
adjusted algorithm proposed by Lépez et al. [14], the parameter A\ was substituted with a
dynamic stepsize sequence {7:} that was ingeniously defined as follows:

2= Po)Ful?
T F T Pa ) Ful

(19)

where p; C (0,2), Vt > 1 such that Iitm inf pe(2 — pr) > 0. It is imperative to acknowledge
— 00

that although their algorithm achieves weak convergence, it is limited to the framework of

infinite-dimensional Hilbert spaces. From its inception, equation (1.9) has garnered significant

attention owing to its favorable numerical efficacy and uncomplicated structure.
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In a recent publication, Yu and Wang [28] introduced a series of novel relaxed CQ al-
gorithms. The fundamental concept underlying these algorithms involves substituting the
projections onto the half-spaces C; and Q; with the projections onto the intersection of C;
and C;_1, and the intersection of Q; and Q;_1, respectively. By leveraging the previous half-
spaces, the algorithms’ convergence rate is enhanced. One of the algorithms proposed by the
authors takes the following form:

U1 = Pe (ut (I — PQtz)Fut), (1.10)

5 5 pell(1=Pg2)Fue|®
where G = G; N G—1, QF = QN Q—1, and 74 = W with p; C (0,2). They
proved that the algorithm (1.10) is a weakly convergent to the solution of the SFP (1.1). In
the setting of infinite-dimensional spaces, however, strong convergence is frequently prefer-
able than weak convergence for efficiently solving our problems. This naturally leads to the
following question.

Question 1.1. Can we design a strongly convergent iterative scheme for the algorithm (1.10)
and extend it for solving the MSSFPMOS (1.2) within the framework of infinite-dimensional
real Hilbert spaces?

This paper presents a comprehensive response to Question 1.1, wherein we draw inspiration
from the aforementioned works and suggest a strongly convergent relaxed CQ method for
effectively solving the MSSFPMOS (1.2) in infinite-dimensional real Hilbert spaces. Our
proposed algorithm offers several notable benefits, which are enumerated below.

(1) The algorithm we propose addresses a broader problem, namely the MSSFPMOS (1.2).

(2) The selection of the stepsize is dynamically determined and not contingent upon the
operator norm.

(3) We substitute the projection onto the half-space with the projection onto the intersection
of two half-spaces. This results in expedited convergence of the algorithm.

(4) The algorithm we propose guarantees a strong convergence to the minimum-norm solution
of the MSSFPMOS (1.2).

The subsequent sections of this document are structured as follows. Sect. 2 provides
an introduction to fundamental definitions and lemmas that will be utilized throughout the
paper. In Sect. 3, a novel iterative method is proposed and its strong convergence is proven.
Sect. 4 presents numerical experiments aimed at illustrating the effectiveness of the proposed
method.

2. Preliminaries

In this section, we recall some definitions and basic results which are needed in the sequel.

Throughout this paper, let

e H, H; or H, be a real Hilbert space with the inner product (-, -), and induced norm || - ||,
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e | denote the identity operator on H, H; or H,,

e the symbols “—" and “ — ", denote the weak and strong convergence, respectively,

e for any sequence {u;} C H, wy(u) = {u € H: Huy} C {u} such that v, — u}

denotes the weak w-limit set of {u;}.

Definition 2.1. (see [1]) Let S C H be a non-empty, closed, and convex set. An operator
F:S5— His called

(1) Lipschitz continuous with constant 6 > 0 on S if

|Fu— Fv|| <8|lu—v|, Yu,veS;

(2) nonexpansive on S if
|Fu— Fv| <|lu—v]|, Yu,veS;

(3) firmly nonexpansive on S if
|Fu— Fv|> < |lu—v|?=||(| = F)u—( = F)v|? VYu,veS,
which is equivalent to

|Fu— Fv||®> < (Fu— Fv, u—v), Yu,vES;

(4) O-inverse strongly monotone (6 — ism) on S if there is § > 0 such that
(Fu— Fv, u—v)>0|Fu— Fv|? VYuveS.

Definition 2.2. (see [1]) Let S C H be a non-empty, closed, and convex set. For each u € H,
there is a unique nearest point in S, denoted by Ps(u) such that

|lu — Ps(u)]| = min{]ju—v]| : v € S}.
The operator Ps : H — S is called a metric projection of H onto S.

Lemma 2.3. (see [I]) Let S C H be a non-empty, closed, and convex set. The following
assertions hold for all u,v € H and w € S :

(1) {u— Ps(u), w— Ps(u)) <0;

(2) [IPs(u) = Ps(v)[| < [lu — vI};

(3) IPs(u) = Ps(v)|I> < (Ps(u) = Ps(v), u—v);
(4) [Ps(u) = w|]* < [lu = w|]* — [lu — Ps(u)||*.

From Lemma 2.3, we conclude that the mappings Ps and | — Ps are both 1 — ism, firmly
nonexpansive, and nonexpansive.

Lemma 2.4. For all u,v € H and for all 8 € R, we have
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(1) llu vI? < 0l £2(v, u+v);
(2) llu=£v]?=1ul® + v+ 2{u, v);
(3) l10u+ (1= 0)v[> = 0llul® + (1 = O)[Iv[* — 01 — 0)u — v|>.
Definition 2.5. (see [1]) Let ¢ : H — (—o00, +o¢] be a given function. Then,
(1) The function ¢ is proper if
{ueH: ¢(u) <+oo} #0.
(2) A proper function ¢ is convex if for each 6 € (0, 1),
d(Ou+ (L —0)y) <0¢(u)+ (1 —0)o(v),Vu,v € H.
Definition 2.6. Let ¢ : H — (—00, 400] be a proper function.
(1) A vector £ € H is a subgradient of ¢ at a point u if
6(v) > ¢(u) + (€, v —u), W € H

(2) The set of all subgradients of ¢ at u € H, denoted by d¢(u), is called the subdifferential
of ¢, and
Op(u) ={& € H:p(v) > ¢(u)+ (£, v—u), for each v € H}. (2.1)
(3) If Op(u) # 0, ¢ is said to be subdifferentiable at u. If ¢ is continuously differentiable,
then
9¢(u) = {Vo(u)}.

Definition 2.7. Let ¢ : H — (—o0, +00] be a proper function. Then,

(1) ¢ is lower semi-continuous (Isc) at u if u; — u implies

¢(u) < liminf ¢(uy).

(2) ¢ is weakly lower semi-continuous (w-Isc) at u if uy — t implies
< liminf .
¢(u) < liminf $(uy)
(3) ¢ is weakly/lower semi-continuous on H if it is weakly/lower semi-continuous at every
point u € H.

Lemma 2.8. (see [1]) Let ¢ : H — (—o0, +0] be a proper convex function. Then ¢ is lower
semi-continuous if and only if it is weakly lower semi-continuous.

Lemma 2.9. (see [23]) Let C C H; and Q C H, be non-empty, closed, and convex sets, and
¢ Hy — (—00, +00] is given by

#(u) = 5 (1 — Po)Full?,

where F : Hy — H, is a bounded linear operator. Then, for 6 > 0 and u* € Hy, the following
statements are equivalent.
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(1) The point u* solves the SFP (1.1).
(2) u* = Pc(u* — OV o(u*)).
(3) The point u* solves the variational inequality problem: find a point w € C such that
(Vo(w), u—w) >0,Vue C.
Lemma 2.10. (see [3]) Let the function ¢ be given as in Lemma 2.9. Then,

(1) ¢ is convex and weakly lower semi-continuous on Hy;
(2) Vo(u) = F*(I — Pg)Fu, for u € Hy;
(3) V¢ is ||F||*>-Lipschitz.

Lemma 2.11. (see [12]) Let {x:} be a non-negative real sequence, such that for all t € N

Xe1 < (1= o)Xt + 0etie, (2.2)
Xt+1 < Xt — St + @, '

where {0:} C (0,1), {s:} is a non-negative, real sequence, and {u:} and {¢:} are real
sequences such that

(1) Y72 08 = 00;
()l e =0

(3) /Iim ¢y, = 0 implies lim sup u, < O for any subsequence {t;} of {t}.
—00

|—oc0

Then, lim x; = 0.
t—00

3. The Algorithm and its convergence analysis

For simplicity, hereafter, denote /* := {1,2,...,n} and J* := {1,2,..., m}. We consider
the MSSFPMOS (1.2) in which the set C; (i € I*) and the set Q; (j € J*) are defined by

CG={ueH:c(u)<0} and Qj={veH:qv)<0} (3.1)

where ¢; : H — (—o0, +o0] for all i € I* and q; : Hj — (—o00, +00] for all j € J* are convex
functions. Moreover, we assume (standard assumptions) that

(1) both ¢i(i € I*) and g;(j € J*) are subdifferentiable on H and H;, respectively;
(2) for any u € H and for each i € I*, a subgradient &; € d¢;(u) can be calculated;
(3) for any v € H; and for each j € J*, a subgradient 7; € 0q;(v) can be calculated;
(4)

4) both Jc;(i € I*) and 9q;(j € J*) are bounded operators (bounded on bounded sets).



8 G.H. Taddele and S. Sriwongsa

Based on the standard assumptions, the functions ¢;(i € /*) and g;(j € J*) are clearly
lower semi-continuous. Moreover, since ¢;j(i € I*) and g;(j € J*) are also convex, it then
follows from Lemma 2.8 that ¢;j(i € /*) and g;(j € J*) are weakly lower semi-continuous.
In our algorithm, given the t* iterative point u;, we construct “n" sets C! (i € I*) which
contains the original sets C; (i € I*) and “m" sets Qf (j € J*) which contains the original
sets Q; (j € J*), as follows. The set C! (i € I*) is constructed as

¢ ={ueH au)+ (& u—u) <o}, (3-2)

where &f € Oci(u;) and it follows from the fact that Cf O C; # 0 (i € I*) the set Cf is
non-empty (see in [29]). The set Qf (j € J*) is defined as

Qf = {v € Hj 2 qi(Fue) + (nj, v — Fuy) < 0}: (33)

where nj-t € 0qj(Fjue). Indeed, Qf is non-empty because Qf D Qi #0 (j € J*). Therefore,
both C/ and Qf are nothing but non-empty half-spaces and it is easy to verify that (see [29])
C} DG (iel*)and Qf D Q; (j € J*) hold for every t > 0.

Note that in contrast to an algorithm that involves metric projections onto the given sets
C; and Q;, which is more complex, an algorithm that utilizes metric projections onto the
half-spaces Cf and Q; defined in (3.2) and (3.3) is easier to implement due to the explicit
formula for projecting onto a half-space. In this case, at each step t, the algorithm only
needs to compute a projection onto the current sets C! and Qf, rather than utilizing the
previous half-spaces in their entirety. This article draws inspiration from the works of Yu and
Wang [28]. Our proposed algorithm replaces the projections to the half-spaces C} and th

with the projections to the intersection of C,t and C,.t_l, and the intersection of th and th—ly
respectively. This modification enables us to make full use of the previous half-spaces, resulting
in a faster convergence rate of our algorithm. Furthermore, we introduce a dynamically chosen
stepsize that is not reliant on the operator norm.

We hereby introduce a highly effective self-adaptive relaxed CQ method that exhibits
strong convergence properties for solving the MSSFPMOS (1.2) within the context of infinite-
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dimensional real Hilbert spaces.

Algorithm 1: A self-adaptive approximation technique for MSSFPMOS (1.2)

Step 0. Choose two sequences {o;} C (0,1) and {p:} C (0, 2) and select 5 > 0. Let
up € H be arbitrary initial guess and set t := 0. Take the weights a! (i € I*) > 0 and
the constant parameters J3; (j € J*) > 0 such that

t_ 1 t = [ * . t ;=
Zloz,- =1 and ,'Qi af >a >0, where ly = {i e I" : aj >0}, and Zlﬁj 1.
i= j=

Step 1. Given the current iterate u;, compute the next iterate u;y; via the formula

n m
Uiy = ZO&;PC’/T <(1 — O't)(ut — Tt ZﬁJFJ* (I - PQJ":) Fjut)>
i=1 j=1

where C,-’"tt, Jf”tt, and 7; are respectively defined as follows:

cht=cin CI™!, foreach i=1,2,...,n,

"= QN QY foreach j=1,2,...,m,

and
2

IS [

2
(max{ﬂ, H >y BiFf (/ - PQ}T)EW }>

Step 2. If u;r1 = uy, then stop; otherwise, set t := t + 1 and return to Step 1.

Remark 3.1. Since C/, C,-t_1 for each 7/ € I* and th, th—l for each j € J* are both half-
spaces, C,."”f and Jf"”tf are both intersection of two half-spaces. From the subdifferentiable
inequality (2.1), it is clear that C; C C,-t_l, Ci C Ct foreach i€ [* and Q; C th_l, Qi C Qf
for each j € J*. Hence, we have C; C C/f for each i € /* and Q; C Qf,"f for each j € J*.
Moreover, the explicit formula for projecting onto the intersection of two half-spaces can be
found in [1], making the implementation of Algorithm 1 a straightforward task.

Theorem 3.2. Assume that the set of solutions Q0 of the MSSFPMOQOS (1.2) is non-empty
and suppose that the sequences {o:} and {p:} in Algorithm 1 satisfy the conditions:

o0

(a1) {o+} C (0,1) such that tli)m or=0and Y o = 0,
o0 =

t

(a2) {p+} C (0,2) such that Iitrginf pt(2—pt) > 0.

Then, the sequence {u;} generated by Algorithm 1 converges strongly to an element u* € Q,
where u* = Pq0.
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Proof. Let u* € Q. Since C; C (/! for each i € I*, then u* = Pc,u* = Pcmu*. Let

ve=(1— at)(ut — iﬁjﬁ* (/ _ PQjﬂr>Fjut)
j=1

for all i € I*. Since P for each i € I* is firmly nonexpansive, we get
it

n 2
oy — u*|?> = Zaf (Pcf{"ttVt - U*>
i=1
n 2
< Zalt PC_ir;tVt —u*
i=1 '
n . ) 5
< Sat{ve =l = || = Pey)ve
i=1 '
2 - 2
= e =" = Za, (/- PC,.{"f)Vt
i=1
m 2
- H(l =) (we = Y BF7 (1 Pagy ) Frue) — o
j=1
n 2
_Zaf (- PC."“r‘)Vt
i=1 '
m 2
= |loe(=u")+ (1 —0v) (Ut — Tt Z@Ff (/ - PQJ((-tr)/:jut — u*)
j=1
n 2
_ZO‘; (- PC.'";f)Vt
i=1 '
m 2
< oelut )P+ (1= o) ||ue — TtZﬂij* (/ — PQJ[vntt)FjUt —u
j=1
*Z PCrnt Vi (35)

Since Q; C Qj”tt for each j € J*, then Fju* = Pq Fju* = Pan:FJ-u*. Note that for each
! Jr

jet - PQ[ntt is 1 — ism and Ejmzl BiF;* (l — Pantf)Fju* =0, it means for each j € J* that
<ZﬂJFJ*( Per)FUt, ug — U*>
j=1
m
ZBJ<FJ*< Per)FUt, ug — U*>
j=1
m

_ Zgj<(/ - PjSr>I:jut - (/ - PQJ{7{t)5u*, Fiu, — Fju*>

j=1
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2

(1= Page ) Fi 30

> Z B;
=

Set=; = max{ﬁ, szmzl BiF; (/—PQ}T)Fjut <

=;. This together with (3.6) gives that

}. This implies H S F (1P ) P
it

2

m
us — TtZBJFJ* (/ — PQJ’”:>I:Jut —u*
Jj=1

2

(Ut - U*) — TtZﬁJFJ* (I — PQ}T’:)Fjut
j=1

m 2
< ”Ut - u*Hz +7't2 ZﬂJFJ* (I — PQ}ff)FJ'uf
Jj=1
m
_27't< ZBJ'FJ* (/ - PQj_”:)FjUtv us — u*>
j=1
m 2
= o [ o
j=1

<ij_1 Bj (/ - PQ!'"f)FjUt
it
= |lue — o[ = pe(2 = pr) —

—t

-

Substituting, (3.7) into (3.5), we get

luerr = ™| < oeu ]+ (1= oe)llue — u”|?

(Z}"1 Bj (’ - Po;;t) Fue
)

Y

_Pt(2 - Pt)(l — 0t

=2
—t
n 2
= af||(I = Pei)ve (3.8)
i=1 '
By (al) and (a2), we obtain from (3.8) that
luerr = w2 < oeu ]+ (1= oe)llue — u”|?
< max{||u|?, flue - u*|?}
< max{[|u[?, [Juo — u*[?}. (3.9)

For that reason, the sequence {||us — u*||}i=5° is bounded. As a consequence, {u;}i=5° and
{Fju: }i=5° for each j € J* are bounded.
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By (a2), we obtain from (3.7) that

m
ug — TtZ/BJFJ* (I — PQert)FJUt — U*
j=1

2
< ue — u*|2. (3.10)

By Lemma 2.3, we also obtain the following estimation.

IN

<

luerr — U*||2

n 2
H E afPein (Vi) — U*H
it
i=1

n n 2
|2 atPentv) - Xatpen(u)|
i=1 i=1

2
lve = u”|

(O OICEE iﬁfﬁ* (1= Poge ) Frue) =
j=1

(1—o0v)

2

m 2
H(l — O't)<Ut — Tt Z/BJFJ* (/ — PQJ{T)FjUt - u*) — O’tu*
j=1
m 2
ve—7e > BF; (/ - Poﬁ)Fjut - u” Folut|?. (3.11)
j=1

From (3.11), we also get

g1 — u”|[?

<

+

2

|@=oo(u-n iﬁfﬁ* (1= Pagg ) ) — v
j=1

oI + (1= 0)?)

Ut(*u*) + (1 — Ut) (Ut — Tt iBJFJ* (/ B Pfo’tt)Fjut N u*) H2
j=1

m 2
we— e > BiF7 (1 = Py ) Frue — uH
j=1

20:(1 — at)<ut — e BF; (1= Py ) Frue — o, —u*>. (3.12)
=1

By combining (3.10) and (3.12), we obtain that

s — u*|?

IN

IN

+

U2+ (1 — o0 lus — 02+ 204(1 — o) (g — u*, —u”)
20071 = o) ( D BiF7 (1= Paye ) Fite, u*)
j=1

(1—od)|lu: — u*H2 + o [c;’t||u*||2 +2(1 —o){ur — u*, —u*)

2nta a0 325 (1 P e )]
=1
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< (U od)lue— oI+ o foellu |+ 21 = o) (e -t —u)
> 87 (1 - Pa ) Fiu
j=1 '

Subsequently, we demonstrate that the sequence {u;} produced by Algorithm 1 converges
strongly to the minimum norm element uv* = Pq0.

+ 2Tt(1 —O't)

). (3.13)

Let u* = Pq0. Based on (al) and (a2), without loss of generality, we can assume that
Ik > 0 such that p(2 — p¢)(1 — 0¢) > & for all t € N. Hence, we obtain from (3.8) that

2\ 2
(zj’"_l 8| (1= Pas ) Fiee )
luery = ™l < oo |P + llue = u*|* — 5 =
—t
2
_Z PClnt Ve (314)
Using (3.13) and (3.14), for all t € N, we derive the two inequalities in (3.15):
Juers = w2 < (1= oe)Je — u* 2+ oo, (.15)
lepr — w2 < flue — u*[|2 = G + ol

Now, relating (3.15) to (2.2), we obtain the following settings for all positive integer t:

Xt = [lue — u*]|?;
pe = ol [P 4201 = 0w — ) + 271~ 00| | S 557 (1 Page ) Frue ]
2 2
<Ej 15 < anr)FUt > )
St =R = + 2 of|| (1 - Pcint)ve
(3.16)
Furthermore, set o; := 0y, ¢; := o¢||u*||? and thus {o:} C (0,1), tlim 0t =0, or = o0,
— 00 t=0
lim o =0.
t—o00

To utilize Lemma 2.11 for the convergence analysis of the sequence {x:}, it suffices to
illustrate that for any subsequence {t;} of {t}

I|m Sy, = 0 implies limsup 1y, < 0.

|— o0

Let {¢/} be a subsequence of {t} and suppose /Iim ¢, = 0. Then, we have
—00

2\ 2
(z,-’ilﬂ,- (1 = Paz ) Frus )
)

=%

lim

PCrnt Vi,
=00

2] =0.  (3.17)
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Since k > 0, (3.17) implies that

2\ 2
(ij—l B (I - PQ}f’tj) Fjuy, >
lim _ —0, (3.18)
|— o0 =%
and )
lim )(/ — Pew)ve|| =0. (3.19)
|— 00 ity

Since | — Pgin for each j € J* is nonexpansive, {u, } is bounded, and F; for each j € J* is a
it
bounded linear operator, the sequence {||(/ — Pgu ) Fjuy ||} for each j € J* is bounded, and
Ji
thus the sequence {=;} is bounded. Hence, we obtain from (3.18) that

lim Z@

|—o00

( PQ}-TI)Fjut, ~0. (3.20)

Next, we prove that each weak cluster point of {u;,} belongs to Q, that is wy (u) C Q.
Let o € H be a weak cluster point of {u;}. Since {u} is bounded, we may assume that
there exists a subsequence {uy, } of {u;} that weakly convergent to &. Furthermore, since
each F; for each j € J* is linear and bounded, this yields that {F;u; } weakly converges to
Fju. We claim here that & € Q. To show this, it suffices to show that & € C; forall i € [*
and Fju € Q; forall j € J*.

Firstly, we show that F;i € @Q; for all j € J*. Since Oq; for each j € J* is bounded
on bounded set, we may assume that there is a constant 7; > 0 such that |\17t"|| < 7,
where nj" € 0qj(Fjuy, ) for each j € J*. That is the sequence {nj"} is bounded. Since

Poin (Fjuy, ) € Qift C Qf” for each j € J*, it follows from (3.3) and (3.20) for all j € J*
ity r

J:t,
‘ H( Pth )Fut,

and as r — oo that
(/ Pas )F u, || = 0. (3.21)

qj(’:jut/,) <77,tl'r Fjuy, — Pape (FjUt/,)>
The weakly lower semi-continuity of g; together with (3.21) implies for all j € J* that

t/,

IN

IN

=0. (3.22)

(7)< tmint gy (Fy, ) < tim (1 = Py ) e,

It turns out that, F;u € Q;, for all j € J*.
Next, we prove that o € C; for all i € I*. By (al) and (3.18), we obtain that

2

||thr — ufl,||2 S H(l — Ut/ (Ut, Tt/ ZBJF*< Pth )F Ut, ) — uf/,

- |

2
oy, (—up, ) + (1 -0 (Ut/ Ty, Zﬁ,"—*< PQjﬁt‘)’:jUt/, - Ut,,)H
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2 s m 2

S O-tlr utl’ + (1 - a-t’r )Tt/r Z ﬂj FJ* (I B PQJmtt) Fjutlr
j=1
2\ 2

, (ij_l Bi (’ — Pop )Fjut/, >

< oy, ||ug, || + @ —0t,)0t, — — 0(3.23)
=3,
as r — 0o, that is
Jlim_ [|ve, — ug, || = 0. (3.24)

In fact, since Pcin (uy,) € Cint C C" for each i € I*, it follows from (3.3) for all i € /* that
ity r

1t

ci(uy,) < <§/tlrr uy, — Peps (Vt/,)>
= <§l}7r, (Ut/, — Vt/,) + (I — P(_-iiﬁ )Vt/r>
<§;tlrr (us, — Vt/,)> + <5itl'r (/ - Pc;’;; )Vt/,>
< e “ v (1 P Yoo ] (3.25)

Since Jc; for each i € I* is bounded on bounded set, we may again assume that for all t;, > 0,
there is a constant € > 0 such that ||/ || < £, where /" € Oci(uy, ) for each i € I*. Hence,

|

it follows from (3.19), (3.24), and (3.25) for all j € I* as r — oo that
] — 0. (3.26)

A

ut/r - Vt/,

alu,) < g

{

The weakly lower semi-continuity of ¢; together with (3.26) implies for all i € I* that

0= Peg )

[\

uf/r - Vt/,

IN

(1= Pen ),

ci(o) < Iiriinf ci(ug,) <0, (3.27)

consequently, o € C;, Vi € I*. Altogether, we conclude that 7 € Q. Since © is arbitrary,
we conclude that each weak cluster point of {u,} belongs to Q. That is w,(uy,) C Q. This
implies there exists a subsequence {uy, } of {uy } such that u; — @.

In addition, from Lemma 2.3 (1) and (al), we obtain that

limsup iy, = limsup [(rt,r||u*||2 +2(1 — o, Juy, —u*, —u")
r— o0 r— o0

m
+ 2, (1= 00,)| Y0857 (1= Pay ) Ry, |[ll0”1]
j=t '

_ . * *
= 2limsup(uy — u*, —u")
r—o0
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= 2 max (o—u", —u")
Beww(uqr)

< o (3.28)

Therefore, from Lemma 2.11, we conclude that any sequence {u;} generated by Algorithm 1
converges strongly to the minimum-norm element u* = Pq0. The proof is complete. |

3.1. Corollaries

It is readily seen that, for the case where n = 1, the MSSFPMOS (1.2) reduced to the
following problem: introduced and studied by Reich et al. [17] in infinite-dimensional Hilbert
spaces.

Let H, H;, j =1,2,..., m, be real Hilbert spaces and let F;: H — H;, j =1,2,...,m, be
bounded linear operators. The split feasibility problem with multiple output sets (SFPMOS,
for short) is to find a point u* such that

v el =Cn (mj";l F;l(Q,-)) £ 0, (3.29)

where C and Q;, j =1,2,..., m, are non-empty, closed and convex subsets of H and H;, j =
1,2, ..., m, respectively.

Reich et al. [17] introduced the following two approximation iterative methods for solving
the SFPMOS (3.29). For any given point ug € H, {u;} is a sequence generated by

U1 i= Pc<ut — Tt Z Fr(l— PQj)l-_jut) (3.30)
j=1
and for any initial point vy € H, {v;} is a sequence generated by
m
Vert 1= oef(ve) + (1 — ot)PC(vt > F(l - PQj)Fjvt), (3.31)
j=1

where f : C — Cis a 6 € [0, 1)-strict contraction mapping of H into itself, 7 € (0, c0) and
{o+} € (0,1). It was proved that, if the sequence {7;} satisfies the condition:

2

mman:1,2 ..... m{HFJHQ}

O<a<tm:<b<

for all t > 1, then the sequence {u;} generated by (3.30) converges weakly to a solution point
u* € T of the SFPMOS (3.29). Furthermore, if the sequence {o:} satisfies the conditions:

oo
lim o; =0 and E 0y = 00,
t=1

t—o0

then the sequence {v;} generated by (3.31) converges strongly to a solution point u* € ' of
the SFPMOS (3.29), which is a unique solution of the variational inequality

(I=flu",u—u")y>0Vuer.
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Note that the iterative methods given by (3.30) and (3.31) require to compute the metric
projections on to the sets C and Q; and need to compute the operator norm, in which is
difficult to do so.

If n =1 in the MSSFPMOS (1.2), accordingly in Algorithm 1, as an immediate conse-
quence of Theorem 3.2, we obtain the following result which solves the SFPMOS (3.29).

Corollary 3.3. Assume that the set of solutions I of the SFPMOS (3.29) is non-empty and
suppose that the sequences {c:} and {p:} in Algorithm 2 satisfy the assumptions (al) and
(a2) in Theorem 3.2. Then, the sequence {u;} generated by Algorithm 2 converges strongly
to an element u* € I, where u* = PrO0.

Algorithm 2: A self-adaptive approximation technique for SFPMOS (3.29)

Step 0. Choose two sequences {o+} C (0,1) and {p:} C (0,2) and select § > 0. Let
up € H be arbitrary initial guess and set t :== 0. Take the constant parameters [3;
(j=1,2,...,m) > 0 such that ZJ'"ZI B =1.

Step 1. Given the current iterate u;, compute the next iterate u; 1 via the formula

U1 = PCtZ ((1 — Ut)(ut — TtZﬁJFJ*(I — PQJ[T)FJ'Ut)),
Jj=1

where C?2 = C, N C;_q, J’”tf = Qf N th*l for each j =1,2,...,m, and
pe o Bill (1 - Pojﬁtf)Ff“fH2
5
(max{, 157 5657 (1~ Page) o}

Step 2. If u; 1 = us, then stop; otherwise, set t :== t + 1 and return to Step 1.

Tt .=

It is readily seen that, for the case where n =1 = m, in the MSSFPMOS (1.2), accordingly
in Algorithm 1, as an immediate consequence of Theorem 3.2, we obtain the following result
which solves the SFP (1.1).

Corollary 3.4. Assume that the set of solutions T = C N F~1(Q) of the SFP (1.1) is non-
empty and suppose that the sequences {o:} and {p:} in Algorithm 3 satisfy the assumptions
(al) and (a2) in Theorem 3.2. Then, the sequence {u;} generated by Algorithm 3 converges
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strongly to an element u* € I, where u* = Pp0.

Algorithm 3: A self-adaptive approximation technique for SFP (1.1)
Step 0. Choose two sequences {0} C (0,1) and {p:} C (0,2) and select 5 > 0. Let
ug € Hy be arbitrary initial guess and set t := 0.
Step 1. Given the current iterate u;, compute the next iterate u;,1 via the formula

U1 = PC? ((1 — Ut)(ut — TtF*(/ — PQE)Fut>>'

where C? = C; N Cr_1, @2 = Q: N Q:_1, and the stepsize T is self-adaptively defined
by
2
pel| (1 — Pz) Fu|

(max{8. [|F=(1 — Pog) Fuel}})

Step 2. If u; 1 = us, then stop; otherwise, set t :== t + 1 and return to Step 1.

Tt i —

4. Numerical Experiments

In this section, we perform some computational tests to illustrate the implementation and
efficiency of our proposed algorithm and we compare it with several existing methods in the
literature.

The numerical results are completed on a standard TOSHIBA laptop with Intel(R) Core(TM)
i5-2450M CPU®2.5GHz 2.5GHz with memory 4GB. The code is implemented in MATLAB
R2020a.

Example 4.1. Let H = R3, H; = RS, H, = R% H; = R' and H, = R'®. Find a point
u* € R3 such that
weQ=Gn (L F(Q)) £0. (4.1)

where
G ={ueRd: |u—o?<r?},
Q= {Flu € RS : ||F1U— 01”2 < Rlz},
Q2 = {F2U € RY: ||F2U — 02”2 < R22},
Q3 = {F3U € R12 . ||F3u — O3||2 < R%},
Qs = {Fau € R : ||Fu — 04 < RZ},

where 01, 01 S Rﬁ, 02 S Rg, 03 S Rlz, 04 S Rls, r, Rl, R2, R3, R4 € R, and F1 ZR3 — RG,
F2 ZR3—>R9, F3ZR3—)R12, and F4ZR3—>R15.

For any u € R?, we have ci(v) = [lu— o1|* — r{ and q;(Fju) = ||Fju — Oj|]> — R?
for j = 1,2,3,4. In what follows the subgradients &i and 5} of respectively ci(u;) and
qj(Fjue) can be calculated respectively at the points uy and Tju; by &f(u) = 2(ur — 01) and
ni(Fjut) = 2(Fjur — O;). Thus, according to (3.2) and (3.3), the half-spaces Cf and Qf
(J =1,2,3,4), respectively of the sets C; and Q; can be easily determined at a point u; and
Fjuy, respectively, and the metric projections onto the half-paces C12 and Jf,”f (j=1,2234),
can be easily computed.
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Now, we take, the radii n = 4, Ry =8, R, = 15, R3 = 22, R, = 18, the elements of the
representing matrices F; are randomly generated in the closed interval [-5, 5], and the centers

o1 =(0.4,0.6,0.6)", 0, = (0.1,-0.5,0.4, —0.5,—0.1, —0.2) T,

0, =(0.1,1.0,0.5,1.0, -0.5,0.1, -0.9,0.5,0.2) T,

0; = (0.7,1.0,0.9, -0.2, -1.0,0.1, —0.6, —0.6, —0.3, —0.9,0.5,0.5) T,

O, =(0.1,-0.3,0.7,0.1,0.9,0.8,-0.3,0.1,-0.3,0.26,0.6,0.5, —0.7,0.6, —0.9) .

In example 4.1, we examine the convergence of the sequence {u;} generated by Algorithm
1 compared to the iterative methods given by Algorithm (3.30) and Algorithm (3.31). For
this purpose, we consider the values of the parameters appeared in the methods as follows.
We take 8 =03, pr = 55 0r = 157, A =1, B = % (j =1,2,3,4), xo = (-1,3,-2)".
Moreover, in Algorithms (3.30) and (3.31), we take 7 = 0.0005 and f(u) = 0.975u in
Algorithm (3.31).

In this experiment, we use E; = ||us1 — u:]|*> < € for small enough ¢ > 0 as a stopping
criteria. In Table 1 and Figure 1, we report the numerical results of the compared methods
for different values of e.

Table 1. Numerical results of compared methods for different values of .

Algorithm 1 Algorithm (3.30) Algorithm (3.31)

Iter. (t) 23 27 41
e=10""* cpu(s) 0.001590 0.016056 0.007037
Iter. (t) 49 60 105
e=10"° cpu(s) 0.001393 0.001567 0.001662
Iter. (t) 72 115 168
e=10"8 cpu(s) 0.015945 0.011189 0.017034
Iter. (t) 190 212 245
e=10"10 cpu(s) 0.032656 0.041615 0.062844

It is readily apparent from Table 1 and Figure 1 that Algorithm 1 exhibits superior perfor-
mance compared to the other algorithms, as evidenced by its lower number of iterations and
shorter runtime in seconds.
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Fig. 1. lter. (t) against Error, experimental results of compared methods for different values

of e.

Example 4.2. Let H; = H, = L»([0, 1]) with the inner product (-, -) and induced norm || - ||

defined by

(u,v) :/O u(s)v(s)ds, Vu, v € Lo([0,1]),

lull2 :=

Furthermore, we consider the following half-spaces

C:

Q:

I
—N

<

m
'\
N
~—~
o
=
SN—r
—~

Wi

{u € L%([0,1]) : (u(s),3s%) = 0} and

%y > 1}.

In addition, we consider a linear continuous operator F : L5(]0,1]) — Lz([0,1]), where
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(Fu)(s) = u(s). Then, (F*u)(s) = u(s) and ||F|| = 1. Thatis, F is an identity opera-
tor. The metric projection onto an half-space has an explicit formula [4]. Now, we solve the
following problem

find u* € C such that Fu* € Q. (4.2)

In Example 4.2, we examine the numerical behaviour of our proposed method: Algorithm
3 and compare it with the following strongly convergent iterative algorithms, repesctively
introduced by Lépez et al. [14] and He et al. [13] by solving problem (4.2). For u, uy € Hi;

U1 = ot (1—o0)Pe, (ut — P (] - PQt)Fut),Vt > 1, (4.3)
v = Pe (Jtu + (1= o) (e — e F* (I — PQt)Fut)>, (4.4)

where C; and Q; are given as in (1.6) and (1.7), respectively, {o:} C (0,1), and 7 =

(=P ) Fuel)> .
% with p; C (0, 2).

For comparison purpose, we take the following data: In all methods, p; = ﬁ and
o+ = 0.5. Moreover, we take 5 = 0.3 in Algorithm 3 and fix u = cos(s) in Algorithms (4.3)

and (4.4).

Now, using E; = |luzs1 — ue]] < 107* as stopping criteria for all methods, for different
choices of the initial point ug, the outcomes of the numerical experiments of the compared
methods are reported in Table 2 and Figure 2.

Table 2. Comparison of Algorithm 3 with Algorithms (4.3) and (4.4) for different choices of

)
Algorithm 3 Algorithm (4.3) Algorithm (4.4)
lter. (t) 18 21 20
up = s° cpu(s) 0.178345 0.337353 0.468288
Iter. (t) 18 20 20
U =s cpu(s) 0.176935 0.322715 0.458368
Iter. (t) 17 21 20
up = se® cpu(s) 0.164977 0.319452 0.446301
Iter. (n) 18 20 20

up = sin(s)  cpu(s) 0.165513 0.306389 0.447171
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Fig. 2. Comparison of Algorithm 3 with Algorithms (4.3) and (4.4) for different choices of
)

It can be observed from Table 2 and Figure 2 that for each choices of uy, Algorithm 3 is
faster in terms of less number of iterations (Iter. (t)) and cpu-run time in seconds (cpu(s))
than the compared algorithms.

Example 4.3. In this Example, we consider numerical experiments to illustrate the application
of the proposed algorithm to inverse problems arising from signal processing. Compressed
sensing is a very active domain of research and applications, based on the fact that an N-
sample signal u with exactly K nonzero components can be recovered from K < M <
N measurements as long as the number of measurements is smaller than the number of
signal samples and at the same time much larger than the sparsity level of u. Likewise, the
measurements are required to be incoherent, which means that the information contained in
the signal is spread out in the domain. Since M < N, the problem of recovering u from M
measurements is ill conditioned because we encounter an underdeterminated system of linear
equations. But, using a sparsity prior, it turns out that reconstructing u from b is possible
as long as the number of nonzero elements is small enough (see [18]). More specifically,
compressed sensing can be formulated as inverting the equation system
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b=Fu+%, (4.5)

where u € RV is a vector with K nonzero components to be recovered, b € RM s the vector
of noisy observations or measurements (the measured data) with noisy ¥ (when ¥ = 0,
it means that there is no noise to the observed data), and F : RY — RM is a bounded
linear observation operator, often ill-conditioned because it models a process with loss of
information. A powerful approach for problem (4.5) consists in considering a solution u
represented by a sparse expansion, that is, represented by a series expansion with respect to
an orthonormal basis that has only a small number of large coefficients. When attempting to
find sparse solutions to linear inverse problems of type (4.5), successful model is the convex
unconstrained minimization problem

1 )
min SIIFu— b2 + ellullz. (4.6)

where g is positive parameter and ||.|| is the ¢; norm. Problem (4.6) consists in minimizing an
objective function, which includes a quadratic error term combined with a sparseness-including
{1 regularization term, which is to make small component of u to become zero. Problem (4.5)
can be seen as the following least absolute shrinkage and selection operator (LASSO), which
is commonly used in the theory of signal processing (see [11])

1
min ~||Fu — b||3 subject to ||ul|; < =, (4.7)
ueRN 2

where w > 0 is a given constant. By the theory of convex analysis, one is able to show that a
solution to the LASSO problem (4.7), for appropriate choices @ > 0, is a minimizer of (4.6)
(see [9]). It can be observed that (4.7) indicates the potential of finding a sparse solution of
the SFP (1.1) due to the ¢; constraint. More precisely, it is readily seen that problem (4.7)
is a particular case of the SFP (1.1) with C := {v : ||u|l1 £ w} and Q = {b}, and thus can
be solved by Algorithm 3 and the iterative methods given by Algorithms (4.3) and (4.4). We
define the convex function c(u) = ||u|l1 — @, and according (1.6), the level set C; is defined
by
Ceo={ueR": c(u) + (&, u—u) <0},

where & € Oc(u). Observe that the metric projection onto C; can be computed by the
following manner,

it c(ue) + (Ee,v —ug) <0,
otherwise.

v,
P - vV—Ut
a(v)) {V_ (cludtiEr—u)g,
L

We choose a subgradient &; € dc(u;) as

1 if (&) >0,

(&)i=<0 if (&)i=0,
1 if (&) <0,

In a special case where Q@ = Q; = {b}, Algorithm 3 converges to the solution of (4.7).
Moreover, Algorithm 3 can be implemented easily, because the projection onto the level set
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has an explicit formula. In order to show the efficiency of Algorithm 3, a comparative sparse
signal recovery experiments were carried-out with Algorithms (4.3) and (4.4).

The vector u is a K sparse signal with non-zero K elements that are generated from uniform
distribution within an interval of [—2,2], F is a matrix generated from normal distribution
with mean zero and variance of one and b is an observation generated by white Gaussian noise
with signal-to-noise ratio SNR = 40. The process of sparse signal recovery start by randomly
generating w = K and the anchor (in Algorithms (4.3) and (4.4)) and initial point uy are
N x 1 vectors. The main target is then to recover the K sparse signal by solving (4.7) for wu.
The restoration accuracy is then measured by mean squared error (MSE) as follows:

(4.8)

MSE:W<6

where u; is an estimated signal of u, and € > 0 is a given small constant. We choose
the parameters o; = IOT1+1’ pe = 0.5, B = 0.3. In our numerical experiments, for u =
ones ([N, 1]) and up = ones ([N, 1]), we consider the following four choices.

Data 1: K =20, N =2" M =212
Data 2: K =40, N = 2" M =212,
Data 3: K =20, N =216 M = 214
Data 4: K =40, N =216 M =214,
We use MSE < e = 10~* as stopping criterion for all methods. The results of the numerical

experiments interms of number of iterations (Iter. (t)) and the cpu-run time in seconds
(cpu(s)) are reported in Table 3 and Figures 3-6.
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The experiments of compressed sensing via Algorithm 3, Algorithm (4.3), and

Table 3.
Algorithm (4.4)

G0-2.766'6 <cCE0L8y  OF G0-9889.°6 GG9£€9 S G0-°9€£.'6  G200'T¥ e b eweqd
G0-98/96'6 T6ITCyr € 60968866 ¥SIT'ES € G0°G0T¥'6 GL6ETE 9 € eleq
G0-9.669'6  GGG8'L €8 G0-%/88'6  9520°6 96 G0-9Z0¥8'6  1606°9 v, zeeq
G0-99G6/8'6  9.0%'S 85 G0-°1816'6  T¥v'L LL G0-9Z1€8'6  £9ST' Gy 1ewrqQ
EN (s)nd> (3) ey EN (s)nd> (3) ey N (s)ndo (3) o
(t'7) wyinoS|y (€'7) wyinol|y € wyluos)y
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Fig. 4. Original K-sparse vs recovered sparse signals by compared methods for Data 2
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Fig. 6. Original K-sparse vs recovered sparse signals by compared methods for Data 4
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It can be observed from Table 3 and Figures 3-6 that the recovered signal by the proposed
method has less number of iterations and small cpu(s) time to converge than by the compared
methods.
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ABSTRACT

Fermatean fuzzy sets (FFS) generalized the Intuitionistic fuzzy set and

Pythagorean fuzzy set in terms of more space available to choose or-
thopairs. The manuscript provides Chi-square and Canberra divergence
measures for FFSs. Divergence measurements’ additional characteris-
tics are looked into to ensure good performance. The entropy and
dissimilarity measures from the suggested divergence measures are de-
rived. A technique is developed to transform the real or fuzzy data
into Fermatean fuzzy data. An empirically successful VIKOR method
is extended for FFSs. The Australasian New Car Assessment Program
(ANCAP) provides the star rankings from a safety point of view for
each vehicle. The VIKOR method is employed to draw safety rank-
ings of small cars tested from 2019 to 2021 by ANCAP. The numerical
examples are given to clarify each method under discussion.

1. Introduction

The notion of fuzzy sets was developed as a way to mathematically represent the ambiguity
we often use to explain events that don’t have clearly defined boundaries. The number of

This is an open access article under the Diamond Open Access.

Keywords:

Fermatean fuzzy sets;
Decision making;
Divergence measures;
VIKOR method;
Fuzzification technique
MSC

53C05

58715/ncao.2023.2.2

Please cite this article as: W. Kumam et al., Fermatean Fuzzy Divergences and Their Applications to Decision-
making and Pattern Recognition, Nonlinear Convex Anal. & Optim., Vol. 2 No. 1, 31-53. https://doi.org/10.




32 W. Kumam et al.

items encountered in human reasoning that can be the subject of scientific research is enlarged
by employing the idea of partial degrees of membership to create a mathematical description
of fuzzy sets [30]. However, The negative side of information is required in real-life scenarios
and cannot only be retrieved from the positive side. For instance, the use of antibiotic
medications, while beneficial in the treatment of various diseases, has some adverse effects
on the body. Information’s positive and negative aspects can be viewed as membership
degree (MD) and non-membership degree (non-MD), respectively. A non-MD is distinct
from a MD. In particular, Atanassov pioneered the idea of taking into account both MD
and non-MDs and gave it the name intuitionistic fuzzy set (IFS) [2]. Figure 1 provides the
geometric explanation of an IFS. In Figure 1, (1,0) and (0, 1) symbolize absolute agreement
and total disagreement, respectively, whereas (0, 0) denotes utter obscurity or ignorance of
the situation. The triangular region’s ordered pair (u(u), v(u)), also known as intuitionistic
fuzzy value (IFV), indicates that the individual is u percent agrees with the circumstance u
and v percent disagrees with it.

(0.1)
1

09 1
0.8 1
0.7 r |
0.6 ]
05 ]
v (n(u), v(u))
0.4 * |
03r b

02r 1

0.1r 1

(1,0)

Fig. 1. Geometrical exposition of an IFS

The constraint on membership and non-membership may limit the applicability of IFS,
despite the fact that it has been used to solve a variety of issues. This problem is somehow
addressed by the introduction of Pythagorean fuzzy sets (PFSs) by Yager [28]. It relaxed the
defining conditions, where sum of membership and no-MDs should be less than or equal to
one. Recently, Senapati and Yager [27] extended the idea of IFS and PFS to Fermatean fuzzy
sets (FFS). FFSs provides the larger space to choose orthopairs. In FFSs, the sum of cube of
membership and non-MDs should be less than or equal to one. Figure 2 shows the geometrical
interpretations of PFSs and FFSs. A clear picture of expanding the space for orthopairs for
FFSs can be seen in Figure 2.

As it provides the larger space to choose orthopairs for membership and non-membership
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Fig. 2. The geometrical expositions and a comparison between the spaces available for IFS,
PFS, and FFS

grades, many scholars have worked on its applications. The Fermatean fuzzy weighted average
and geometric aggregation operators were established by Senapati and Yager [25]. They
also discussed subtraction, arithmetic mean, and division operations for FFSs [26]. Garg
et al. [7] developed different aggregation operators for FFSs and applied them to Covid-
19 testing facility. Ghorabaee et al. [13] extended WASPAS for FFSs and discussed their
applications to green supplier evaluation. Fermatean fuzzy Einstein aggregation operators and
their applications were discuused by Akram et al. [1]. Liu et al. [17] introduced Fermatean
fuzzy linguistic term set and their aggregation operators. MULTIMOORA method based on
Fermatean fuzzy Einstein aggregation operators was discuused by Rani and Mishra [21]. The
interval-valued FFSs and their basic properties were established by Jeevaraj [11]. Sahoo [24]
provided new score function for FFSs and discussed fuzzy transportation problems. Fermatean
fuzzy SAW, ARAS, and VIKOR method extensions were focused by Gul [8]. The MCDM
method was developed based on Dempster—Shafer theory and entropy measure for FFSs [5].
Fermatean fuzzy Hamacher aggregation operators were established by Hadi et al. [9]. Aydemir
discussed TOPSIS method using dombi aggregation operators for FFSs [3]. CRITIC-EDAS
method for FFS and their applications to sustainable third-party reverse logistics providers
were discussed by Mishra et al. [18].

Divergence measures were first proposed in classical probability spaces as a way to compare
two probability distributions. The expression to estimate the difference between two fuzzy
sets was developed by Bhandari et al. [4]. They suggested the non-negativity, symmetry, and
identity of indiscernibles properties for the formula for divergences. Montes et al. [19] later
presented an axiomatic definition for fuzzy divergence. Divergence measures play a significant
role and are used in a variety of contexts, including image processing, image thresholding,
decision-making, edge detection, pattern recognition, clustering, figure skating, et cetera [4,
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19, 20, 15]. Zhou et al. [31] established the divergence metrics for the PFS based on the
belief function. By using the divergence metric dependent VIKOR approach in a PF domain,
renewable energy technologies were evaluated [22]. The axiomatically supported divergence
measurements for the g-rung orthopair fuzzy environment were proposed by Khan et al. [14].
Riaz et al. [23] talked about correlation coefficients and how they are used in pattern analysis
and clustering. Khan et al. [16] gave the theoretical justifications for the VIKOR method’s
successful empirical use.

The Australasian New Car Assessment Program (ANCAP) provides the safety ratings for
each vehicle in a particular category. ANCAP is an Australasian-based independent vehicle
safety authority established in 1993 and issues safety ratings for thousands of new vehicle
makes models and variants. It provides relative safety ratings between vehicles of similar size.
ANCAP safety ratings are helpful for occupants and pedestrians to avoid or minimize the
effects of a crash. Although these ratings are valuable, ANCAP has not provided any specific
rankings of vehicles. An interested buyer of a vehicle has many options, if he follow NCAP
Safety Ratings. There are many vehicles with maximum (five) stars ratings. Therefore, it is
hard for a person to choose a specific vehicle based on ANCAP Safety Ratings. Therefore, a
method or technique is required to draw the rankings of vehicles that occurred in the same
category. It will surely be helpful for the buyers. For more details, we refer to Section 5.2.

The motivations behind the extensions of fuzzy set theory are to provide the mechanism
to deal with the uncertainty that transpires in real-life problems. Due to it, the fuzzification
of the real data is of paramount importance. There exist many techniques to fuzzify real-life
data. But there does not exist any approach for obtaining the data in Fermatean fuzzy form.
Thus we provide a new appproach to transform the data into Fermatean fuzzy form. We are
also driven to develop additional functions that extend the VIKOR technique for FFSs while
respecting the axiomatic assumptions of divergence measures. The manuscript discusses the
fuzziness and dissimilarity measures for FFSs. Lastly, we are motivated to provide the safety
rankings to small cars tested by ANCAP during 2019 to 2021.

With that in mind, the purpose of this article is to describe novel divergence functions,
uncertainty (entropy), and dissimilarity measurements for FFSs. And to provide a method of
transformation of real or fuzzy data into Fermatean fuzzy form. Also, to continue the VIKOR
approach for FFSs and to produce the safety rankings for small cars tested by ANCAP from
2019 to 2021.

The manuscript's key contributions are:

o We suggest Canberra divergence and generalized Chi-square measures for FFSs. We
establish these measurements’ axiomatic validity.

e We examine the extra characteristics of these systems that support mathematical rea-
soning.

e We talk about the measurements of entropy and dissimilarity for FFSs.

e We present a technique to transform real or fuzzy data into Fermatean fuzzy data.

e The study provides the safety rankings of small cars tested from 2019 to 2021 by ANCAP.
e The manuscript develops the FFSs VIKOR technique.

e This paper gives examples to illustrate our suggested approach.
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The remainder of the article is structured as follows: Section 2 covers the fundamentals of
FFSs. Section 3 proposes the new divergence measurements and their additional features for
FFSs. In Sections 3.1 and 3.2, respectively, it is discussed how divergence metrics transform
into entropy and dissimilarity measures. The process of converting real data into Fermatean
fuzzy data is explained in Section 4. In Section 5.1, the divergence measure-based VIKOR
approach for FFSs is suggested. Section 5.2, it is detailing how the suggested VIKOR approach
can be used to rank the safety of small cars that have undergone ANCAP testing. The
manuscript’s concluding observations are included in Section 7.

2. Preliminaries

The fundamental definitions of FFSs are included in this section. There is mention of the
fundamental functions of FFSs. Throughout the entire manuscript, U is a finite non-empty
set called the universal set. Besides, the unit interval [0, 1] is represented by I.

Definition 2.1. [2] An IFS A over a universal set U is defined as

A={(u, pp(u), ve(u)) | ve U},

where pa 0 U — L and v : U — |, with the constraint pa(u) + va(u) < 1, are the MDs
and non-MDs, respectively. The expression ma(u) = 1 — (ua(u) + va(u)) gives the hesitancy
degree of an element u € U.

3. Divergence Measures for FFSs

This section provides the axiomatic definition of FFSs’ divergence measures. It investigates
several functions that are consistent with the axioms underlying the FF divergence measure.
We discuss the additional attributes of the suggested divergence measures and place special
emphasis on the entropy and dissimilarity measures for FFSs.

Definition 3.1. If a function Div : C(U) x C(U) — R satisfies the following axioms, it is
referred to as a divergence measure for FFSs: for each Ay, Ay, A3 € C(U),

D1 v Al, AQ) = DiV(A2, Al)

) Div(

D2) Div(A1, Ay) = 0 <= A, = A,.

D3) Div(A; U As, A U A3) < Div(Aq, Ay).
) Div(A; N Az, Ay N As) < Div(Ag, A).

( i
(
(
(D4) Di

Unless otherwise stated, in this section A; = {(u;, pa,(ui), va(ui)) | i=1,...,n} and
As = {(uj, pa,(ui), va,(ui)) | i=1,..., n} designate FFSs on the same set U = {uy, ..., up}.

Definition 3.2. The interpretation of the divergence functions based on chi-square distances
for FFSs is

n (uﬁl(u,-) —,uf\z(u;))2 . (Vf VAQ(“' )2

= 1
Dy (A, A) = = (3.1)
”; At i, () + i, (i) X+ v () + v, ()

where A >0and 1 < 3 < 3.
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Remark 3.3. The values of the parameters A and 3 chosen empirically. For other values, the
function still remain the divergence measure for FFSs. It is better to take the minimum value
for A

Theorem 3.4. The mapping Dy : C(U)x C(U) — R described in (3.1) satisfies the divergence
measure axioms.

Proof. We must confirm the divergence axioms for D; to finish the proof.

o (D1-D2) Straightforward.

e (D3) For any FFSs A1 = (pa,, ¥a,), A2 = (114, Va,) and As = (pa,, va,), the mapping
D; requires to fulfill

Dl(Al ﬁA3,A2ﬁA3) < Dl(Al,Az). (32)

Now,

2
1 o | (mindiea, 14 })? = (minfjun, pia, 1))

Di(A1NAs, AyNA3) = fz p : .
i=1 /\+ mln{ﬂ/\lv”fh}) + (mln{ﬂAzx,UfA3})

]

((max{VAlv va,})” = (max{va,, ”A3})B)2

A+ (max{va,, va,})” + (max{va,, va, })°

(3.3)

From min{ua,, a, }, min{pa,, pia, }, max{va,, va,}, and max{va,, va,}, the following
results are deduced,

fay < pag < pra, o pa, < pia, < pa,  or (3-4)
b, < {IU’AI&/’[’AZ} or pa, > {MA1&:UA2} & (35)
va, Sva, <va, or va, <va, <wva  OF (3.6)
Va, <{va,&va,} or va, > {va&va,}. (3.7)

The proof becomes straightforward for the inequalities in (3.5) and (3.7). We prove
the results for (3.4) and (3.6). If pa, < pa, < pa, and va, <wva, < va, then (3.3)
becomes

B 8\
1< (MA NA) (VA_VA)
Di(A1N As, AN Ag) = = ) : e ey e
i=1 "':“A1 +NA3 At Vp FVp,

The divergence between the two FFSs A; and A, is

2 2
B B8 B B

- 1< (#A _NA) (VA_VA)

Dl(Al,Az):;Z 1 2 1 2

B B B8 B8
o1 | At e, s, Aty T,
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Since 8 > 1, therefore, uﬁl > ,ui > ,uﬁz and yfz > ui > yfl, we have

2 2 2 2
B B B B B B B B
(aoni) _(hom) , (A-) _(4-)

)\+M§1+M§37)\+Mﬁ1+u22 A—"_l///g—}]—"_l///fis7A_|—V/§1_|—V§2

This implies _ _
D1(A1 N Az, Ay N A3) < Di(A1, A).

We can similarly confirm the remaining parts of axiom (D3).

o (D4) Similar to the evidence of (D3).

The metric D; is a divergence metric for FFSs as a result. It is simple to prove the evidence
for U:{Ul,UQ,...,un}. [ |

Definition 3.5. The interpretation of divergence functions based on the Canberra distances

for FFSs is

- 1 2": | wla, (i) — piy, () | | v (u;) — vy (u7) |

D>(A1, Ay) = =
NN+l () + i, (7)) N+ v () + v ()
where A >0and 1 < 3 < 3.

Theorem 3.6. The expression D, : C(U) x C(U) — R described in (3.8) satisfies the
divergence axioms.

. (38)

Proof. The evidence resembles the evidence of Theorem 3.4. |

There are further properties that the chi-square and Canberra divergence measures meet
to ensure acceptable theoretical performance. They are shown in the following result.

Theorem 3.7. The following properties are true for the divergence measures Dy (k = 1,2):
If A1, Ay and Az be three FFSs, then

T1. For A =1, Di(A1, AS) = 1 if and only if either jia, = 1 or va, = 1.

T2, Di(Af, Az) = Di(Ar, AS).

T3, Di(Ar Ar) = Di(AS, AS).

T4. Di(A U A, AL N Ay) = Di(Ar As).

T5. Dy(A1U Az, A3) < Di(Ay, A3) + Di(Az, As).

T6. Dk(Al N A, A3) < Dk(Al, A3) + Di((A2, A3) B _

T7. Whenever Ay C Ay C As, we have Dy (A1, As) > max{Dx(A1, A2), Dk(Az, A3)}.

Proof. Suppose A; = (14, va,), A2 = (1A, Va,) and As = (pa,, Va,) to be three FFSs. Since
D1 and D, includes the factors Apip = ,uf\l — My, and Avip = I/El — 1/22. These variables
form the basis of the divergence measures. With the aid of these elements, we prove the
claims (T1-T7). If the related factors are identical on both sides, the proof will be considered
conclusive.

T1: If P=(up,vp), then P = (vp, up). The metric Dy becomes

2

o 2(wh-up)
Dy(P, P?) = ——— 2.
1+ pp+rvp
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Equation (3.9) becomes one only if either ua =1 or v = 1.

T2: For Ay = (a4, va,) and Az = (ua,, Va,), their complements become AS = (va,, pia,) and
AS = (va,, l1a,)- The measure D; (A, Ay) contains Augp = Vﬁl - ,ui and Avyp = “21 - 1/22.
Also, the measure D (A1, AS) includes Auf, = uﬁl - l/i and Avf, = Vfl - ,uf\z. It indicates
that identical elements are present on both sides, guaranteeing that both sides are equal.
T3: Similar to the evidence from the earlier part. 5

T4: Theside D;(A;UA,, AjNA,) comprises of the following factors Auiy = (max{ja,, fia,})" —
(min{pa,, 11a,})’, and Avip = (min{va,, va,})? — (max{va,, va,})”. While Di(A;, Ay) in-

volves Augy = ply — ,uﬁz and Avf, = uﬁl - Vﬁz. It implies that | Aup |=| Auy, | and
| Avip |=| Avy, |, which guarantees that both sides are equal.

T5-T6: Straightforward.

T7: Similar to the Theorem 3.4 proof. |

3.1. Entropy Measure for FFSs

We present the divergence-based entropy metrics for FFSs in this section.

Definition 3.8. According to the divergence measures D; and D,, the entropy measures of
an FFS are as follows: for each A € C(U),

E(A) =1- ka(A,AC), (3.10)
Fx

where Fj is the constant function used to normalize the values and Dy (P, P€) are

) 2

_ 2 & [ (atn i)

Dy(A A%) = — |
(A, A%) Z A+ pia(ui) + v ()

~ e 2| qu\(Uf)—Vf(“fH]

Dy(A A9) = = '
2(A, A%) n,;_wruﬁ(ui)Jer(“f)

The key assertion of this section is stated in the result that follows.

Theorem 3.9. The function E, : C(U) — [0, 1] expounded in (3.10) is an entropy measure.
Proof. Straightforward. |

3.2. Dissimilarity Measure for IFSs

The research that has already been done on intuitionistic fuzzy divergences attests to the
fact that they are the proper subset of the IF dissimilarity measures [20]. We do, however,
confirm that the outcome holds true for FFSs. In other words, the axioms of dissimilarity
measures are satisfied by the divergence measures D; and D,.

Definition 3.10. If a mapping Diss : C(U) x C(U) — R abides by the following axioms, it
is referred to as a dissimilarity measure for FFSs: for each Ay, Ay, A3 € C(U),

(Dl) DiSS(Al, A2) = DiSS(Ag, Al)
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(D2) DiSS(Al, A2) =0« Al = A2.
(D3) Whenever A; C Ay C Az, we have Dy (A1, A3) > max{Dy (A1, A2), Dk(Az, As)}.

Theorem 3.11. The mappings D1&D, : C(U) x C(U) — | abides the axioms of Definition
3.10.

Proof. It is directed by reasoning's of Theorems 3.4-3.7. |

The next result confirms how well the recommended divergence measures D; and D,
perform in comparison to the strict inclusion relation.

Theorem 3.12. Let A;, Ay and Az be three FFSson U. If Ay C Ay C As with pa, < pa, < pia,
and va, > va, > va, OF pua, < pa, < fia, and va, > va, > va,, or pa, < pia, < pa, and
va, > VA, > Va,. Then Dy and D, satisfies

Dk(Alv A3) > max{Dk(Al, AQ), Dk(Az, A3)}

Proof. It is directed by reasoning's of Theorems 3.4-3.7. |

4. Transformation of Real Data into Fermatean Fuzzy Data

The motivations behind the extensions of fuzzy set theory are to provide the mechanism
to deal with the uncertainty occurred in real-life problems. Due to it, the fuzzification of
the real data is of paramount importance. There exist many techniques to fuzzify the data.
But there does not exist a technique for obtaining the data in Fermatean fuzzy form. Thus
we provide a new technique to transform the data into Fermatean fuzzy form. Before going
into the main discussion, let L* denote the set of all ordered pairs such that L* = {(M, N) |
(M,N)e[0,1] x[0,1] & M+ N < 1}.

Definition 4.1. The mapping F : [0,1]® — L* given by
F(p, ¢, t) = (M(p, c, t), N(u, ¢, £)),
where

M, . t) = (1 — t))* |
N(u, e t) = (1 — (1 — tc)u — tc)?

satisfies that

1. If c1 > ¢, then 7 (F(u, c1, t)) > 7 (F(u, c2, t)).

2. If t; > tp, then M(u, ¢, t1) < M(p, ¢, t2) and N(u, ¢, t1) < N(u, ¢, ta), for all p,c €
[0,1].

3. F(0,c,t)

(0, (1- tc)%), for all ¢, t € [0,1].

Wik

4. F(u,0,t) = (u%,(l — ) ) for all u, t € [0, 1]
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5. Fu, c,0):( 51— )%), for all u, ¢ € [0, 1].

6. m(F(u c, t)) = (tc)3.
Theorem 4.2, Let B={ (u(y)) | y € Y } is the real data (or in the form of fuzzy set) and
let m,t: Y — [0, 1] be two mappings. Then
A={F(uly).m(y) t(y)) [y € Y}
= {M(u(y), 7(y), t(¥)), N(uuy), w(y) () |y € Y}

= {((@ = TN (= (=t rDa) — ) ) [y e Y} (41)
is a Fermatean fuzzy set.

To show A is a FFS, we need to prove that (M(u(y), c(y), t(¥)))3+(N(u(y), c(y), t(y)))® <

(v
Lor (M(u(y), c(y), t(y))® + (N(u(y), c(y), t(y)))® + =w3(y) = 1. For simplifications, we
write p, ¢, and t instead of u(y), c(y), and t(y). From (4.1), we have
)3

1

(M(p, ¢, £))® + (N(u, ¢, £))? = (((1 — te)u §)3+ ((1 — (1 - tc)u — tc)
=(1—-tc)u+1—(1—tc)u—tc
=1-—tc
<1.

Wi

Remark 4.3. It is important to note that the parameter t in Definition 4.1 work as a control
parameter which control the values of membership and non-MDs. For lesser values of t, we
obtain higher values for the MDs and non-MDs.

Remark 4.4. We are motivated from Jurio et al. [12] work of transferring the fuzzy data
into Intuitionistic fuzzy data. He used different parameters to construct Intuitionistic fuzzy
sets (IFSs). But his proposed technique does not work for FFSs. Thus we have proposed a
refined technique to construct FFSs from real or fuzzy data. Also, we control the values of
MDs and non-MDs by controlling the values of the parameter t.

Example 4.5. Let U = {uy, up, us} be the set of universe and let B = {(uy,0.5), (u2,0.2),
(us3,0.8)}. We fix parameters ¢ and t as 0.2 and 0.3, respectively. The resultant FFS is
obtained which is

A = {(u1,0.7775,0.7775), (u2, 0.5729, 0.9094), (13, 0.9094, 0.5729)} .

We change the values of the parameter t over its range and further observe the behavior of
membership and non-membership values. We represent the resultant FFS correspond to t as
A:, that is, Ag for t = 0 and so on.

Ao = {(u1,0.7937,0.7937), (12, 0.5848, 0.9283), (u3, 0.9283, 0.5848)}
Aoz = {(u1,0.7830,0.7830), (u2, 0.5769, 0.9158), (u3, 0.9158, 0.5769)}
Ao = {(u1,0.7719,0.7719), (2, 0.5688, 0.9029), (u3, 0.9029, 0.5688) }
Ao = {(u1,0.7606,0.7606), (u2, 0.5604, 0.8896), (us3, 0.8896, 0.5604)}
Aos = {(u1,0.7489,0.7489), (1, 0.5518, 0.8759), (u3, 0.8759, 0.5518)}

A; = {(u1,0.7368,0.7368), (1, 0.5429, 0.8618), (u3, 0.8618, 0.5429)}
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Using this data, we draw MDs and non-MDs in Figures 3 and 4, respectively. Figure
3 consist of six lines and each line connecting three points. The six lines draw against the
membership values of Ay, Ag.2, Aoa, Ao, Aog, and A;. The lowest line in the graph generated
against A; and upper one against Ag. Figure 3 provides the graphical verification that the
variations in the values of parameter t result different MDs. Similarly, we observe the behavior
of non-MDs in Figures 4, where the lowest and highest lines generated against A; and Aq,
respectively.

Fig. 4. Change in non-membership values for different values of t
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5. Applications

The applications of the suggested divergence measures are included in this section. There
are two subsections in it: In Section 5.1, the VIKOR strategy for FFSs is expanded. The
ranking of small cars subjected to ANCAP safety testing from 2019 to 2021 is presented in
Section 5.2.

5.1. Fermatean Fuzzy VIKOR Method

In this section, the VIKOR approach is expanded to include FFSs. This approach is
created using the suggested divergence measurements. It accepts input in the form of FFS
and linguistic variables.

1. The list of options is evaluated by the experts Ex, k = {1,2, ..., ¢} using the suggested
criteria. To depict the assessments, they can either directly input FFSs or use lan-
guage variables. Fermatean fuzzy (FF) data are created from the linguistic matrix data.
Thllis, we get ¢ FF matrices (M* = [x§] = [(uf, vf)] k € {1,2, ..., £}) from { decision
makers.

2. Any aggregation operator specified in [25] can be used to aggregate the data in the FF
matrices.

3. The weight of the criterion varies in MCDM problems that are encountered in real
life. For this reason, the weight vector w = {w;,wy, ..., w,} is affixed to the list of
n

requirements, where 0 < w; < 1 and ) w; = 1. Using divergence metrics on a
=1
combined FF matrix, we can construct the weight vector as follows:

5 (£ £ D)

i=1k

" (5 o]

i=1 k=1

j=12.n. (5.1)

4. Calculate the positive ideal (Pl) and negative ideal (NI) FFVs for each attribute. These
characteristics direct us toward the best option and away from the least desirable one.
The Pl and NI FFVs are discovered using Equations (5.2) and (5.3), respectively.

Pl = { (r}fa;(uu), ﬁ{l(%j)) } , (5.2)
NI = {(mn;?(u ), m_ax(u,,)>} L =120 (5.3)

5. Using Dl and Dz, the divergence between each FFV and Pl FFV, as well as Pl and NI
FFVs, is estimated.

6. Equations (5.4), (5.5), and (5.6), respectively, construct the group utility index S,
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individual regret index R, and compromise index Q, where

'DI Xu)
Z e Dk Pl;, NI,)' (5.4)
Bus) — mi . . De(Plixi)
R(ui) = maxe; Di(PL;, NI})' (5:5)
5(ui) — min 5(uy ) R(u;) — min R(u, )
Qui) = A- L (1= — =, (5.)
maxS(u/)—mlnS(u/) maTR(u/)—mln".'?:l R(uy)
i'=1 i'=1 r=

where ;i is the FFV for ith alternative against j® criterion.

7. By placing S, R, and @ in increasing order, three ranking lists are created. If the
following two _conditions_ hold true, the option wu; associated with the smallest value
(u* = min; Q(u;)) of Q is ranked best (compromise solution):

Cl. The ideal option found with “acceptable advantage” if

2

where 12 is the next-to-last minimum in the @ list.

C2. If the best option appears on both the S and R lists, it is come with “acceptable
stability” (that is, minimum in both lists).

If one of the aforementioned requirements is violated, a collection of compromise solu-
tions is procured.

— If C2 violates, the compromise solution is composed of the equivalent u' and u?
options.
— A compromise solution set has L members as a result of the C1 violation, where L

is the maximum for which

uL—u1<

m—1
5.2. Selection of Small Car Based on ANCAP Safety Ratings

The application of the suggested method is provided in this section. The information was
obtained from the ANCAP's official website. ANCAP is an independent automotive safety
organization with a base in Australasia that was founded in 1993 and has rated the safety
of tens of thousands of new vehicle makes models and variants. It offers comparisons of the
relative levels of safety of various-sized automobiles. In the case of a collision, ANCAP safety
ratings offer protection for passengers and pedestrians as well as the vehicle's technological
capacity to prevent or lessen the impacts of a collision.

On there official website, we have searched the data with the following parameters: Cat-
egory: Small cars, Safety Ratings (All), Ratings years 2019-21, and Fuel type: Conventional.
The thirteen vehicles lie in the above mentioned search, that is, we obtained the data of 13
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small cars tested from 2019 to 2021 and their fuel type is conventional. It includes the Citroen
C4, Audi A3, SEAT Leon, Cupra Leon, Kia Cerato (S & sport variant), Kia Cerato, BMW 2
Series Gran Coupé, Volkswagen Golf, Skoda Scala, BMW 1 Series, Ford Focus, Mercedes-Benz
B-Class, and Mazda 3. All of the small cars included in the search has five stars safety rating
except Kia Cerato (S & sport variant). Kia Cerato (S & sport variant) has four star safety
ratings. Their rating is based on the set of following criteria: Adult Occupant Protection,
Child Occupant Protection, Vulnerable Road User Protection and Safety Assist. The details
about the each criterion is provided in Figure 5. We have collected the data of thirteen small
cars from their official website.

The available data is in the form of percentage, we have converted it into decimal form
and present in Table 1. We have transformed the real data of Table 1 into FF data using the
method discussed in Section 4. We have taken the values of parameters ¢ and t equal to 0.2
and 1, respectively. The obtained FFS is displayed in Table 2.

OO

ADULT OCCUPANT
PROTECTION

Considers the level
of protection
offered by the
vehicle to adult
occupants seated in
the front and back
in the most
common type of
serious injury
crashes.

CHILD OCCUPANT
PROTECTION

VULNERABLE ROAD
USER PROTECTION

SAFETY
ASSIST

Evaluates the level
of protection the
vehicle offers to
child occupants
seated in
appropriate child
restraints in the
rear seats.

Assesses the design
of the front of the
vehicle to minimize
injury risk to a
struct pedestrian.
Vehicles are also
assessed for their
ability to actively
avoid or mitigate
impacts with
pedestrians and
cyclists.

Evaluates the
presence and
effectiveness of
active safety
technologies fitted
to the vehicle
which assist the
driver in
preventing or
minimizing the
effects of a crash.

Fig. 5. Criteria explanations

Table 1. ANCAP Safety Ratings

Model

Adult OP  Child OP VRUP

Safety Assist

Citroen C4 (u1) 0.76 0.81 0.57 0.62
Audi A3 (u2) 0.89 0.81 0.68 0.73
SEAT Leon (u3 0.92 0.88 0.71 0.80
Cupra Leon (ug 0.91 0.88 0.71 0.80
Kia Cerato (S & sport variant) (us) 0.90 0.83 0.55 0.71
Kia Cerato (us) 0.90 0.83 0.72 0.73
BMW 2 Series Gran Coupé (u7) 0.94 0.89 0.76 0.73
Volkswagen Golf (usg) 0.95 0.89 0.76 0.80
Skoda Scala (ug) 0.97 0.87 0.81 0.76
BMW 1 Series (u10) 0.83 0.89 0.76 0.73
Ford Focus (u11) 0.96 0.87 0.72 0.72
Mercedes-Benz B-Class (u12) 0.96 0.92 0.78 0.77
Mazda 3 (u13) 0.98 0.89 0.81 0.76

OP = Occupant Protection, VRUP = Vulnerable road user protection
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Table 2. ANCAP Safety Ratings in FFSs for parameters ¢ = 0.2

Model Adult OP Child OP VRUP Safety Assist
u  (0.8472,0.5769) (0.8653,0.5337) (0.7697,0.7007) (0.7916,0.6724)
u;  (0.8929,0.4448) (0.8653,0.5337) (0.8163,0.6350) (0.8359,0.6000)
w3 (0.9029,0.4000) (0.8896,0.4579) (0.8282,0.6145) (0.8618,0.5429)
us  (0.8996,0.4160) (0.8896,0.4579) (0.8282,0.6145) (0.8618,0.5429)
us  (0.8963,0.4300) (0.8724,0.5143) (0.7606,0.7114) (0.8282,0.6145)
us  (0.8963,0.4300) (0.8724,0.5143) (0.8320,0.6073) (0.8359,0.6000)
uy  (0.9094,0.3634) (0.8929,0.4448) (0.8472,0.5769) (0.8359,0.6000)
us  (0.9126,0.3420) (0.8929,0.4448) (0.8472,0.5769) (0.8618,0.5429)
ug  (0.9189,0.2884) (0.8862,0.4703) (0.8653,0.5337) (0.8472,0.5769)
v (0.8724,0.5143) (0.8929,0.4448) (0.8472,0.5769) (0.8359, 0.6000)
w1 (0.9158,0.3175) (0.8862,0.4703) (0.8320,0.6073) (0.8320,0.6073)
v, (0.9158,0.3175) (0.9029,0.4000) (0.8545,0.5604) (0.8509, 0.5688)
ms  (0.9221,0.2520) (0.8929,0.4448) (0.8653,0.5337) (0.8472,0.5769)

OP = Occupant Protection, VRUP = Vulnerable road user protection

Next, we apply the proposed VIKOR method to the FF data. The details steps of VIKOR
method for FF data are explained in Section 5.1. We have acquire the FF data or FF matrix,
therefore, we start the process from Step 3. w = {w; = 0.2,w, = 0.3, w3 = 0.25,wys = 0.25} is
taken as weight vector to distinguish the importance of criteria. The interested candidate alter
the weight vector according to his need and experience. Also, there are different subjective
and objective methods to get the criteria weights. It's depend on the person who want the
ranking of small cars. He can choose any method to assign the criteria weights.

In the next step (Step 4), the Pl and NI FFVs are determined by Equations (5.2) and
(5.3). We employ these equations on Table 2 to get Pl and NI FFVs.

Pl = {Pl, = (0.9221,0.2520), Pl, = (0.9029, 0.4000), Pl; = (0.8653, 0.5337),
Pl, = (0.8618, 0.5429)}

NI = {NI, = (0.8472,0.5769), NI, = (0.8653, 0.5337), N5 = (0.7606, 0.7114),
Nl = (0.7916, 0.6724)}.

In Step 5, the divergence between each FFV (Table 2) and Pl FFV is calculated by the
measure D, presented in (3.8). Also, the divergence between Pl and NI FFVs are calculated.
We have taken A = 0.1 and 8 = 2 for D, in (3.8). The results are presented in matrix
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D = [djj]13x4, (5.7), where d;j = Da(Pl;, x;j).

[ 0.6221 0.2690 0.3439 0.2649
0.4021 0.2690 0.2046 0.1150
0.3182 0.1197 0.1627 0
0.3489 0.1197 0.1627 0
0.3767 0.2314 0.3677 0.1444
0.3767 0.2314 0.1482 0.1150

D = | 0.2451 0.0931 0.0868 0.1150 (5.7)

0.2004 0.0931 0.0868 0

0.0831 0.1446 0 0.0684

0.5217 0.0931 0.0868 0.1150

0.1476 0.1446 0.1482 0.1299

0.1476 0 0.0536 0.0520
0 0.0931 0 0.0684

The divergence measures between Pl and NI FFVs are presented in (5.8).

E =1[0.6221 0.2690 0.3677 0.2649] (5.8)

Matrix F in (5.9) is obtained by dividing the Matrix D by E and then multiplying with weight

. _ D _ Dy (Pl xi)
vector, that is, F =w x £ = w X Ba(PI NI

[ 0.2000 0.3000 0.2338 0.2500
0.1293 0.3000 0.1391 0.1086
0.1023 0.1335 0.1106 0
0.1122 0.1335 0.1106 0
0.1211 0.2581 0.2500 0.1363
0.1211 0.2581 0.1008 0.1086

F = 0.0788 0.1038 0.0590 0.1086 (5.9)

0.0644 0.1038 0.0590 0

0.0267 0.1613 0 0.0645

0.1677 0.1038 0.0590 0.1086

0.0475 0.1613 0.1008 0.1226

0.0475 0 0.0365 0.0491
0 0.1038 0 0.0645

In Step 6, the S, R, and Q are calculated by (5.4), (5.5), and (5.6), respectively.

u 753 u3 Uy Us Ue uz
r0.984 0.677 0.346 0.356 0.766 0.589 0.350 T

0.300 0.300 0.134 0.134 0.258 0.258 0.109
1.000 0.820 0.294 0.299 0.788 0.684 0.246

ug Ug 1o U1y ui2 13
0.227 0.253 0.439 0.432 0.133 0.168
0.104 0.161 0.168 0.161 0.049 0.104
10.164 0.294 0.416 0.399 0 0.130 i

L1 1 »ni

(5.10)

L1 X1 i
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In Step 7, three ranking arrangements are acquired by classifying S, R, and @ from (5.10).
Preference given to the minimum values of S, R, and Q. S, R, and Q has minimum values
for the alternative ujp (Mercedes-Benz B-Class). It ensures that the small car Mercedes-Benz
B-Class acquired with acceptable stability. Also, by sorting @, the last two minimum values
are Q(u12) =0 and Q(u13) = 0.130. Since Q(u13) — Q(u12) = 0.130 — 0 =0.130 > -1 =
13%1 = 0.0833, that is, acceptable advantage achieved. Thus, the optimum alternative
acquire with acceptable stability and acceptable advantage.

Uip > U13 > Ug > Ug > U3 > U7 > Ug > U1 > Uig = Ug > U > Us > U
Uip > U13 > Ug > U7 > U3 > Ug > Ug > U1 > Uig » Ug > Us > Uy > U (511)
Uip ™ U1z > Ug > U7 > U3 > Ug > Ug > U1 > Uig ™ Ug > Us > Up > U1

L1 1 »ni

The final ranking of the small cars based on ANCAP Safety Ratings is obtained from
(5.11) and given as

Up > U13 > Ug > U7 > U3 > Ug » Ug > U1 > Uig » Ug > Us > Uy > Uq.

Remark 5.1. It is important to note that by changing the value of the parameter t to
transform the data into FF data does not effect the ranking of small cars. Please kept in
mind, we are using D, to calculate divergence measures. Also, the different values of 5 and
d in (3.8) do not alter the ranking of small cars.

Remark 5.2. We have solved the problem discussed in Section 5.2 by the divergence measure
Dy defined in (3.1). After calculations, we obtain the small car uj, with acceptable stability,
but lack the acceptable advantage. Thus, the set of compromise solution is obtained and
written as

{U12>-u13>-u8}>-U7>-U3>-U4>-U9>-U11>-U10>-U6>-U5>-u2>-u1.

6. Comparison

In this section, we compare the suggested MCDM method with the MCDM techniques
that have already been published. We choose the FF environment for comparison and the
comparison details are shown in Table 3. It shows the author’s details, their proposed methods,
and rankings. We have seen small changes in the rankings of small cars using different methods
in Table 3. The abbreviations used in Table 3 come from the cited papers.

6.1. Comparison in pattern recognition problems

The classification of an unfamiliar pattern into some recognized patterns is known as
pattern recognition. When working in a fuzzy environment, compatibility measurements like
divergence, distance, correlation, similarity, accuracy, etc. are used to accomplish pattern
recognition. Here, for pattern identification, we use some of the existing distance measures
with the suggested divergence measures. Senapati and Yager [27] extended Euclidean distance
(Ds3), and Deng and Wang [6] proposed Hellinger (D;) and triangular (Ds) distances for FFSs.
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Table 3. Comparison with existing MCDMs Methods

Authors & Methods

Rankings

Senapati & Yager [25]
FFWA operator
Senapati & Yager [25]
FFWG operator
Senapati & Yager [25]
FFWPA operator
Senapati & Yager [25]
FFWPG operator
Akram et al. [7]
FFYWA operator
Akram et al. [7]
FFYOWA operator
Akram et al. [7]
FFYWG operator
Akram et al. [7]
FFYOWG operator
Ghorabaee et al. [13]
WASPAS method
Akram et al. [1]
FFEWA operator
Akram et al. [1]
FFEOWA operator
Akram et al. [1]
GFFEWA operator
Akram et al. [1]
GFFEOWA operator
Gul [8]

SAW method

Gul [8]

ARAS method

Gul [8]

VIKOR method

Deng & Wang [5]
EFF method

Hadi et al. [9]
FFHWA operator
Hadi et al. [9]
FFHOWA operator
Hadi et al. [9]
FFHHWA operator
Mishra et al. [18]
CRITIC-EDAS method
Proposed VIKOR
method by Dy
Proposed VIKOR
method by D,

U1z > U1p > Ug > Ug > U7 > U3 > Ug > U1l > U1o = Ug > Uz > Us > Uy
U13 > Uyp > Ug > Ug > U7 > Uyl » U3 > Ug > Uig > Ug > Up > Us > U1
U1z > U1p > Ug > Ug > U7 > U3 > Ug > U1l > U1g = Ug > Uz > Us > Uy
U13 > U1p > Ug > Ug > U7 > U3 > Ug > U1l » Uig > Ug > Uz > Us > Uy
U1z > U1p > Ug > Ug > U7 > U3 > Ug > U1l > U1g = Ug > Uz > Us > Uy
U13 > U1p > Ug > Ug > U7 > U3 > Ug > U1l » Uig > Ug > Uz > Us > Uy
Uip > U13 > Ug > Ug > U7y > U3 > Ug > U1l > U1g > Ug > Uz > Us > U1
Uip > U3 > Ug > Ug > U7 > U3 > Ug > U1l » Uig > U > Uz > Us > Uy
U1z > U1p > Ug > Ug > U7y > U3 > Ug > U1l > U1g > Ug > Uz > Us > Uy
U13 > U1p > Ug > Ug > U7 > U1 » U3 > Ug > Uig > Ug > Uz > Us > Uy
Upp > U13 > Ug > Ug > U7y > U3 > Ug > U1l > Uig > Ug > Uz > Us > U
U13 > U1 > Ug > Ug > U7 > U1l » U3 > Ug > Uig > Ug > Uz > Us > Uy
Uip > U13 > Ug > Ug > U7 > U3 > Ug > U1l > Uig > Ug > Uz > Us > U
Uip > U3 > Ug > U7 > U3 > Ug > Ug > Uyl » Uig > U > Us > Ux > U1
U1z > U1p > Ug > U7 > U3 > Ug > Ug > U1l > U1g > Ue > Us > Up > Uy
U1p > U3 > Ug > U7 > U3 > Uy > Ug > U1 » Uig > U > Us > Uy > U1
Uip > U13 > Ug > U7 > U3 > Ug > Ug > U1l > Uig > Ue > Us > Up > U
U13 > U1p > Ug > Ug > U7 > U1l > U3 > Ug > Uig > Ug > Uz > Us > Uy
U13>—U12>—U9>‘U8>—U7>—U3>'U4>—U]_1>—U10>‘U6>‘U2>‘U5>‘U1
U13 > U1p > Ug > Ug > U7 > U1l > U3 > Ug > Uig > Ug > Uz > Us > Uy
U13>‘U12>—U9>—U8>‘U7>—U11>—U3>‘U4>—U10>‘U6>‘U2>‘U5>‘U1
{u1a > 13 > ug} = Uz = U3 > Us = Ug = U1y = U = Up > Us = Up = Uy

Uip > U3 > Ug > U7 > U3 > Ug > Ug > Uyl » Uig > U > Us > Up > U1
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Ba(s A2) = | oo 5[ (1, ) — )+ (43, ) — () (3, ) — 8, )]
i=1 "

Da(A1, Az) = 2*1n y :<\/#§\1(Ui) - \/#212(“:'))2 + (\/fol(ui) - \/VE\Z(U:‘))T

i=1

B |1 (1, ) = i )™ (3, ) — 3 ()
A= on 2 | T ) ) v )+ v ()

The question arises, what will be the final decision when various measures categorize
unidentified patterns into various classes? How do we choose the metrics when they yield
disparate results? We will see that the divergence measure D, is a more certain and reliable
measure in this regard. The example that follows demonstrates our findings.

Example 6.1. Let @1, @2, Q3, Q4, and P be the five patterns given in the form of FFSs:

P = {(u1,0.8,0.3), (ur,0.6,0.2), (us3,0.7,0.5), (u4,0.6,0.1) },
@1 = {(v1,0.7,0.4), (1r,0.5,0.2), (u3,0.7,0.3), (ug,0.4,0.2) },
Q2 = {(v1,0.8,0.2), (11,0.6,0.1), (u3,0.6,0.1), (us,0.6,0.1)},
Q3 = {(Ul, 05, 01), (U2, 0.4, 03), (U3, 0.5, 02), (U4, 08, 03)},
Qs = {(v1,0.6,0.4), (1r,0.7,0.2), (u3,0.3,0.4), (ug,0.6,0.1) }.
We can determine whether P and Q;,i = 1,...,4 are similar. If there is a minimum

divergence between P and Q;, the pattern P belongs to Q;. Table 4 and Figure 6 both display
the calculated values of divergence between P and Q; using the various divergence metrics.
Labels 1, ...,4 on X-axis in Figure 6 represents the FFSs Q; to Q4, respectively.

Now, according to Table 4, P is nearest to Q; from the views of D; and Dy, but P is
closest to @, from the perspectives of D>, D3, and Ds. So what will be our final decision?
Also from Figure 6, the graph of divergence between P and @Q; remains below for measures
Dl and D4, and the minimum value of divergence is attained between P and @, by DQ, Dg,
and D5. In order to evaluate the effectiveness of the divergence metric, Hatzimichailidis et al.
[10] defined the Degree of Confidence (DoC). For a divergence metric, the higher the value of
DoC, the more reliable the measure is. A divergence measure's DoC is determined as follows:

DOC’.* = Z ‘Dk(P, Q,*) — Dk(P, Q,)| ,

i=1,ii*

where i* corresponds to the FFS Q; having minimum divergence from unknown pattern P.

Thus, we have calculated the DoC for each divergence measure and written it in Table 4.
It can be seen that the DoC of D, is much higher than other measures. This guarantee that
the pattern recognition by D, is much more confident than others.
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Table 4. Divergence measures calculation for Example 6.1

(P, @) (P, @) (P, @) (P, Q) Result DoC
[:)1 0.0196 0.0471 0.0687 0.0275 @1 0.0844
[_)2 0.3286 0.2471 0.4749 0.3515 Q> 0.4139
93 0.1261 0.1092 0.3016 0.2329 @ 0.3332
L?4 0.1230 0.1261 0.2245 0.1847 @1 0.1662
Ds 0.1673 0.1443 0.2960 0.2382 @ 0.2685
0.5+
0.4] B
—e— D4(Q;,P)
0.3] D»(Q;,P)
E D3(Q;,P)
0.2+ —
I —— Dy(Q;,P)
0.1F —— D5(Q;,P)
1 ““ 2 ““ 3 ““ 4

Fig. 6. Divergence between the known and unknown patterns

7. Conclusion

The study established the generalized chi-square and generalized Canberra distances-based
divergence measures for FFSs. The hypotheses have been constructed to determine whether
a function is a divergence measure. The proposed divergence functions’ axiomatic qualities
have been confirmed. Divergence measures other characteristics have been looked at to ensure
their effectiveness. Additionally, research has been done on the C-IF entropy and dissimilarity
metrics. Multi-criteria decision-making problems have been solved by extending and utilizing
the divergence-measure-based VIKOR approach for FFSs. A method to transform the real
data into FF data has been presented and justified by numerical examples. In the end, the
proposed method has been employed to rank the small cars tested from 2019 to 2021 by
ANCAP. ANCAP provides the safety ratings for the vehicles tested in a particular year. But
it is hard for someone to choose the vehicle based on their provided rankings. Thus, the
proposed MCDM method has been used to rank the thirteen small cars with conventional
fuel types tested from 2019 to 2021. The suggested divergence measurements will be used
in various fields, including pattern recognition, classification, and image processing. We shall
define the knowledge, entropy, similarity, and dissimilarity measures for FFSs.
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